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Abstract— This paper proposes a decoupled non-uniform guid-
ing vector field (DNGVF) for coordinated path-following of a
robot team on 2D manifolds embedded in 3D space. The DNGVF
comprises three components: a propagation term that steers the
robots along the desired path, a convergence term that drives path-
following errors to zero, and a coordination term, decoupled from
the convergence term, that enforces the predefined formation on the
surface. Additionally, a speed coordination strategy is developed
to construct the non-uniform guiding vector field, which assigns
desired velocities to each robot in the vector field, thereby improving
coordination accuracy. Finally, a surface generation method based
on moving frame is introduced to enhance surface design flexibility.
The key contribution of this work is the decoupling of the conver-
gence and coordination terms by formulating the latter within the
tangent space of the surface, thereby improving both path-following
accuracy and coordination performance. Numerical and software-
in-the-loop simulations validate that the proposed DNGVF reduces
path-following errors while simultaneously improving coordination
accuracy.

Index Terms— Motion coordination, Multi-robot systems, Non-
uniform guiding vector field, Path-following.
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I. INTRODUCTION

DURING the past few years, multi-robot coordinated
path-following has been widely studied [1]–[4]. It in-
volves guiding a group of robots along a given path while
forming the desired formation through local interactions
[5]. Typical coordinated path-following is implemented
by integrating a multi-robot coordination framework with
a path-following algorithm [6].

Typical path-following algorithms include control-
based methods, geometric-based methods, and guiding
vector fields (GVF). Control-based path-following meth-
ods [7] tended to result in complex control laws, espe-
cially under nonholonomic constraints, making them chal-
lenging for practical engineering applications. Geometric-
based methods primarily consist of line-of-sight tech-
niques and their variations [8], [9]. The performance of
these methods is significantly influenced by the selection
strategy for target points. Numerical simulations presented
in [10] demonstrate that, in comparison to alternative
approaches, the GVF technique more accurately follows
the path and requires the least control effort. These
methods guide robots to the desired path by constructing
a vector field [11]. Goncalves et al. [12] represented the
desired path by the zero level sets of a family of smooth
implicit functions, thereby obviating the calculation of
the closest point on the desired path and effectively
decreasing the computational burden. On this basis, Yao et
al. [13] achieved global convergence through path param-
eterization and the construction of a higher-dimensional
GVF.

Coordination frameworks can be categorized as cen-
tralized [14]–[17] and distributed [6], [13], [18], [19]
approaches. The leader-follower method [14]–[16] exem-
plifies a centralized framework. In [17], a coordination
algorithm for followers leveraged the leader’s single path
parameter (e.g., arc length) to reduce communication
overhead. Wang et al. [16] employed a leader-follower
structure, designing non-uniform guiding vector fields for
both the leader and followers to enable two-aircraft forma-
tion flight under wind conditions. Conversely, distributed
coordination frameworks offer enhanced scalability and
reduced communication requirements. Chen et al. [6]
adopted a hierarchical strategy, employing optimization
techniques to design path-following algorithms for indi-
vidual robots. Distributed coordination is subsequently
activated upon convergence of tracking errors within
a predefined coordination set, realizing the desired arc
length distribution among robots. De et al. [19] utilized
a consensus algorithm to coordinate the phase of UAVs
along distinct circular trajectories, achieving a specified
phase offset between vehicles. In [20], the desired path is
extended into a parameterized curve, and both propagation
and convergence terms are designed to guide the robots
along this trajectory, and a consensus algorithm was
employed to adjust the robots’ positions in the param-
eter space, thereby achieving the predefined parameter
differences and ensuring an orderly distribution along the
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curve. Furthermore, Yao et al. [21] used parameterized
surface as the desired surface, and the two coordinates
in the parameter space were coordinated simultaneously,
enabling multi-robot formation on the surface. Addition-
ally, another approach achieved a more flexible ordering
in formation motion on a two-dimensional manifold [5].
However, the coordination and convergence terms in these
methods are inherently coupled, which may lead to mu-
tual interference between coordination and convergence
behaviors, ultimately compromising the performance of
coordinated path-following.

In this paper, we consider the impact of the coupling
between following and coordination behaviors on the
performance of coordinated path-following, as well as
the challenges posed by coordinated motion along tra-
jectories with varying curvature. To address these issues,
we propose a decoupled non-uniform guiding vector field
that provides both the motion direction and speed for the
robots. Specifically, our contributions are summarized as
follows:

1) We propose a novel multi-robot coordination
method that eliminates the impact of virtual co-
ordinate coordinated motion on path-following.
Unlike existing results, the coordination term in
this paper ensures that coordinated motion occurs
within the level set where the robots are located,
thus avoiding mutual influence between the coor-
dination term and the convergence term.

2) We propose a non-uniform guiding vector field
for robot speed coordination, which theoretically
guarantees the first-order consistency of virtual
coordinates while maintaining the speed of the
robot formation, thereby improving the precision
of formation maintenance.

3) We introduce a parallel transport frame (PT-Frame)
based method for desired surface generation. This
approach divides the desired surface into two
components: the reference curve and the formation
curve, both expressed using parametric curves,
thereby enabling a more flexible design of the
desired trajectory surface.

4) We validate the proposed approach through numer-
ical simulations and software-in-the-loop (SITL)
simulations. The results confirm that our method
effectively reduces path-following error and im-
proves formation accuracy.

Notations: Let ḟ(τ) denote the derivation of any
differentiable function f(τ) with respect to the parameter,
i.e. df

dτ . Similarly, f̈(τ) and f (n)(τ) represent the second
derivative d2f

dτ2 and the n-th derivative dnf
dτn . The symbol

∇ denotes the Jacobian matrix or the gradient. For a
vector-value function f(x) = [f1(x), · · · , fn(x)]⊤, where
x = [x1, · · · , xm]⊤, the Jacobian matrix is defined as
∇f = [ ∂fi∂xj

] ∈ Rn×m. When f(x) is a scalar function,
the gradient vector is given by ∇f(x) = [ ∂f∂x1

, · · · , ∂f
∂xm

].
Let (·)[i] denote the i-th element of a vector, and (·)[i,j]

denote the element in the i-th row and j-th column of a
matrix. All vectors are considered column vectors in this
paper unless noted differently.

II. PRELIMINARIES AND PROBLEM STATEMENT

A. Research Objectives and Framework
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Fig. 1: Coordinated path-following framework using de-
coupled non-uniform guiding vector field.

The objective of this work is to guide a group of robots
to move in a prescribed formation along a desired path.
Rather than directly combining path-following algorithms
with formation controllers, the proposed framework con-
structs a surface around the desired path and achieves
coordinated motion of the robots on this surface. Conse-
quently, the coordinated path-following task is reformu-
lated as a surface construction problem together with a
motion coordination problem defined on the surface.

As illustrated in Fig. 1, the overall procedure consists
of two main stages. First, a desired surface is constructed
using the PT-frame-based surface generation method by
propagating the formation curve along the reference curve
(i.e., the desired path). The reference curve specifies
the longitudinal direction of the surface, whereas the
formation curve determines its cross-sectional geometry.
Second, the decoupled guiding vector field computes the
desired motion direction iχ from the states of each robot
and its neighbors, and the speed coordination strategy
determines the velocity magnitude to obtain the desired
velocity iχ̂. Each robot then tracks this desired velocity
through its low-level controller, thereby achieving coor-
dinated motion of all robots on the surface.

The following subsection introduces the motion coor-
dination problem on the surface. The technical details of
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the decoupled coordination GVF, speed coordination strat-
egy, and the PT-frame-based surface generation method
are provided in Section III.

B. Motion Coordination on 2D Manifolds

A parametric surface Sph ∈ R3 can be defined as a
set of points:

Sph = {[x1, x2, x3]⊤|xi = fi(τ1, τ2), i ∈ Z3
1} (1)

where the superscript (·)ph denotes the objects in physical
space which is spanned by coordinate axes x1, x2 and x3,
τ1, τ2 ∈ R are the parameters of surface Sph, and function
fi(τ1, τ2) belongs to C2. Define the space spanned by
axes τ1 and τ2 as the virtual space, and (·)vi represents
the objects in virtual space.

The combination of the physical and virtual spaces
enables the surface to be formulated as a two-dimensional
manifold embedded in a higher-dimensional space,
thereby eliminating potential singularities [21]. Specifi-
cally, this manifold is defined as the intersection of the
zero-level sets of three implicit functions:

S := {ξ ∈ R5|ϕi(ξ) = 0, i = 1, 2, 3} (2)

where ϕi(·) := xi − fi(τ1, τ2), ξ = [x1, x2, x3, τ1, τ2]
⊤

is the generalized coordinate. Let ξph = [x1, x2, x3]
⊤ be

physical coordinate, ξξξvi = [τ1, τ2]
⊤ be virtual coordinate.

Motion coordination requires a group of robots to
maintain a desired formation while moving along a de-
sired surface [5]. Since the mapping between the virtual
coordinate ξvi and the physical point ξph is bijective
for all ξ ∈ S, the desired formation of n robots on the
physical surface Sph can be generated by defining their
relative offsets in the virtual coordinate space. Fig. 2
illustrates examples of circular and square formations
moving on the cylindrical surface

The desired virtual coordinate differences matrices are
defined as follows:

∆1 =

∆
[1,1]
1 · · · ∆

[1,n]
1

...
. . .

...
∆

[n,1]
1 · · · ∆

[n,n]
1



∆2 =

∆
[1,1]
2 · · · ∆

[1,n]
2

...
. . .

...
∆

[n,1]
2 · · · ∆

[n,n]
2


(3)

where ∆
[i,j]
k is the desired difference in τk between robots

i and j.
The desired virtual coordinate differences matrices

satisfy the following properties:

∆
[i,j]
k = −∆

[j,i]
k , ∀i, j ∈ ZN1 and i ̸= j (4a)

∆
[i,i]
k = 0, ∀i ∈ ZN1 (4b)

∆
[i,j]
k = ∆

[i,p]
k −∆

[j,p]
k , ∀i, j, p ∈ ZN1 (4c)

The coordinated motion on the two-dimensional man-
ifold is then defined as follows:

(a) Circular formation

(b) Square formation

Fig. 2: The motion of circular and square formations on
cylinder.

DEFINITION 1 (Motion coordination on a surface). Sup-
pose a desired surface S is defined by (2). A group of
N robots is said to achieve motion coordination on the
surface if the following conditions are satisfied:

1) Each robot i ∈ ZN1 asymptotically converges to the
desired surface S.

2) For any two robots i, j ∈ ZN1 , the differences
between their virtual coordinates satisfy

τ
[i]
1 − τ

[j]
1 = ∆

[i,j]
1 , τ

[i]
2 − τ

[j]
2 = ∆

[i,j]
2 ,

where ∆
[i,j]
1 and ∆

[i,j]
2 are defined in (3).

REMARK 1. In this work, the desired path is defined as
a one-dimensional manifold (i.e., a curve), represented
by the reference curve Fr(τr). A desired surface S,
defined as a two-dimensional manifold, is generated in
a neighborhood of Fr(τr) using the method described in
Subsection III.C. Coordinated path following is consid-
ered to be achieved when the robots converge to S and
accomplish motion coordination on the surface.

C. Basics of Graph Theory

The communication topology of a multi-robot system
can be modeled as a directed graph G = (V, E) where
V := {1, · · · , n} is a finite non-empty node set and
E ⊆ V × V is the edge set. An edge (i, j) ∈ E indicates
that robot j can receive information from robot i, but
not necessarily vice versa. A directed graph G contains a
directed spanning tree if and only if G has at least one
node with directed paths to all other nodes. The adjacency
matrix A = [aij ] ∈ Rn×n of graph G is defined such that
aij = 1 if (j, i) ∈ E , and aij = 0 otherwise. The Laplacian
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matrix L ∈ Rn×n is defined as follows:

lii =

n∑
j=1,j ̸=i

aij , lij = −aij , i ̸= j (5)

L satisfies:

lij ≤ 0, i ̸= j,

n∑
j=1

lij = 0, i = 1, · · · , n (6)

LEMMA 1 ( [22]). Suppose that z = [z1, · · · , zn]⊤ ∈ Rn,
and let L ∈ Rn×n be the Laplacian matrix associated
with the directed graph G. Then, the following conditions
are equivalent:

1) The directed graph G has a directed spanning tree.
2) Lz = 0 if and only if z1 = · · · = zn
3) Consensus is reached for the closed-loop system

ż = −Lz. That is for all zi(0) ∈ Rm, ||zi(t) −
zj(t)|| → 0 as t→ ∞, where i, j = 1, · · · , n.

D. Guiding Vector Field for 2D Manifolds

The surface tracking error of the robots is defined
as es = [g(ϕ1), g(ϕ2), g(ϕ3)]

⊤, where ϕi is defined in
(2), and g(·) is a strictly increasing function satisfying
g(0) = 0. When the surface is constructed in a neigh-
borhood of the desired path, es also quantifies the path-
following accuracy and is therefore referred to as the
path-following error throughout the paper. For simplicity,
letting g(ϕi) = ϕi yields:

es = Φ(ξ) =
[
ϕ1(ξ) ϕ2(ξ) ϕ3(ξ)

]⊤
(7)

Based on the definition of ϕi(ξ), we have es = 0 if
and only if ξ ∈ S.

The corresponding surface guiding vector field χ ∈ R5

is given by:
χ(ξ) = χt(ξ) + χn(ξ) (8)

where χt(ξ) is the propagation term and χn(ξ) is the
convergence term, each defined as follows [21]:

χt(ξ) = ∧ (∇ϕ1(ξ),∇ϕ2(ξ),∇ϕ3(ξ),v)

χn(ξ) =−
3∑
i=1

kiϕi(ξ)∇ϕi(ξ)
(9)

where ∧(·) is the wedge product [13], v is the extra vector
can be chosen arbitrarily, ki > 0 is the convergence gain.
And the gradient vector ∇ϕi(ξ) is:

∇ϕi(ξ) =
[
∇ϕ[1]i ∇ϕ[2]i ∇ϕ[3]i − ∂fi

∂τ1
− ∂fi
∂τ2

]⊤
(10)

where ∇ϕ[i]i = 1 and ∇ϕ[j]i = 0 for all j ̸= i.
Evidently, χt(ξ) is orthogonal to χn(ξ) and lies

within the tangent plane of the level set containing ξ.
The specific direction of χt(ξ) is determined by v. For
the sake of simplicity, let v = [0, 0, 0, v4, v5]. Then the
propagation term can be expressed as follows:

χt(ξ) = −v5
[
∂f
∂τ1

1 0
]⊤

+ v4

[
∂f
∂τ2

0 1
]⊤

(11)

where ∂f
∂τ1

= [∂f1∂τ1
, ∂f2∂τ1

, ∂f3∂τ1
] and ∂f

∂τ2
= [∂f1∂τ2

, ∂f2∂τ2
, ∂f3∂τ2

].

Eq. (11) shows that the robot’s motion on Sph is a
linear combination of ∂f

∂τ1
and ∂f

∂τ2
, with the v1/v2 ratio

determining the trajectory. Taking a cylindrical surface as
an illustrative example, and its equation is given by:

x =cos τ1

y =τ2

z =sin τ1

(12)

As shown in Fig. 3, when v4 = 1 and v5 = 0, the desired
motion on Sph is a straight line parallel to the y-axis.
Increasing v5 to 0.5 (with v4 = 1) results in a helical
trajectory on Sph.

(a) v4 = 1 and v5 = 0 (b) v4 = 1 and v5 = 0.5

Fig. 3: Different trajectories on cylinder for different
choices of v.

To achieve the desired virtual coordination differences
defined in (3), a guiding vector field (GVF) incorporating
a coordination term is constructed [21]:

iχ(ξ) = iχt(ξ) +
iχn(ξ) +

iχc(ξ). (13)

where superscript i(·) denotes the i-th robot, and accord-
ing to (9), iχt and iχn are defined as follows:

iχt(
iξ) =− v5

[
∂f
∂iτ1

1 0
]⊤

+ v4

[
∂f
∂iτ2

0 1
]⊤

(14a)

iχn(
iξ) =−

3∑
j=1

kjϕj(
iξ)∇ϕj(iξ) (14b)

A straightforward coordination strategy, following
[21], introduces the coordination term iχc as:

iχc(
iξ) =


0
0
0

kc1
∑n

j=1 aij(
iτ1 − jτ1 −∆i,j

1 )

kc2
∑n

j=1 aij(
iτ2 − jτ2 −∆i,j

2 )


⊤

, (15)

where kc1 and kc2 are the coordination gains.
Equation (15) provides a simple yet limited formula-

tion of the coordination term, which guarantees conver-
gence to the desired formation when the communication
graph contains a directed spanning tree. However, since
the terms defined in (14b) and (15) are not orthogonal,
their interaction may cause conflicting effects, thereby
slowing error convergence and degrading coordinated
path-following performance.
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III. MAIN RESULT

A. Decoupled Coordination Term

The coordination error of robot i is given by

iec1 =

n∑
j=1

aij(
iτ1 − jτ1 −∆

[i,j]
1 )

iec2 =

n∑
j=1

aij(
iτ2 − jτ2 −∆

[i,j]
2 )

(16)

where aij is the element in the ith row and jth column of
A. The coordination errors of all robots are expressed as
vectors ec1 = [1ec1, · · · , nec1] and ec2 = [1ec2, · · · , nec2].
The corresponding consensus control algorithm is de-
signed as follows:

ic1 = −kc1iec1
ic2 = −kc2iec2

(17)

where kc1 and kc2 are the coordination gains.
Equation (15) is obtained by setting iχc(ξ) =

[0, 0, 0, ic1,
ic2]

⊤. When combined with (14), this ensures
both convergence and coordination (as shown in [21]).
However, a critical prerequisite for this guarantee is the
near-simultaneous convergence of ∥ies∥, iec1 and iec2 to
zero. For instance, consider the scenario where ies = 0
at point iξ but iec1 and iec2 are not both zero. In this
case, the projection of iχc onto the gradient of the level
set function ϕi becomes iχc · ∇ϕi = −ic1(∂fi/∂τ1) −
ic2(∂fi/∂τ2) ̸= 0. Consequently, iχ(iξ) would drive iξ
away from the desired manifold S, leading to an increase
in ∥ies∥. Conversely, if iec1 = iec2 = 0 but ∥ies∥ ≠ 0,
guaranteeing the coordination error remains at zero neces-
sitates that 1χ

[4]
n = · · · = nχ

[4]
n and 1χ

[5]
n = · · · = nχ

[5]
n ,

which is rarely achieved in practice.
To eliminate this mutual influence and decouple the

coordination term from the convergence term, two auxil-
iary vectors s1, s2 ∈ R5 are proposed for constructing the
coordination term. The following properties are required
for s1 and s2:

s1 · ∇ϕi(ξ) = s2 · ∇ϕi(ξ) = 0, i = 1, 2, 3 (18a)
s1 · s2 ̸= |s1||s2| (18b)

REMARK 2. For any ξ∗ ∈ R5, define the manifold it lies
on as S̄ = {ξ|ϕi(ξ) = ϕi(ξ

∗), i = 1, 2, 3}. Property (18a)
indicates that s1 and s2 lie in the tangent space of S̄,
while property (18b) shows that s1 and s2 are linearly
independent. Hence, s1 and s2 can serve as a basis for
representing vectors in the tangent space of S̄.

To facilitate the construction of the coordination term,
let svi1 = [1, 0] and svi2 = [0, 1]. Then the corresponding
expression for the auxiliary vectors are given in (19).

s1 =
[
∂f1
∂τ1

∂f2
∂τ1

∂f3
∂τ1

1 0
]⊤

s2 =
[
∂f1
∂τ2

∂f2
∂τ2

∂f3
∂τ2

0 1
]⊤ (19)

Using s1 and s2 to construct the coordination term:
iχc(ξ) = (ic1 − iχ[4]

n (ξ))s1 + (ic2 − iχ[5]
n (ξ))s2 (20)

REMARK 3. The interaction between the convergence
term and the consensus term is mutual. In (20), the coordi-
nation term is constructed within the tangent space using
s1 and s2, thereby minimizing their interference with the
convergence behavior. Meanwhile, the terms −iχ[4]

n (ξ)

and −iχ[5]
n (ξ) act as feedforward components, reducing

the influence of the convergence term on the coordination
behavior and thus achieving decoupling between the two.

To clearly demonstrate the necessity of decoupling
the convergence and coordination terms, we consider a
simplified case of two robots (indexed 0 and 1) moving
cooperatively along a circular parametric path defined as:

S = {ξ|ϕ1(ξ) = 0, ϕ2(ξ) = 0}
where ξ = [x, y, τ ]⊤, ϕ1(ξ) = x − cos(2τ) and ϕ2(ξ) =
y − sin(2τ). The corresponding propagation term and
convergence term are defined as:

iχt(
iξ) =

[
−2 sin(2iτ) 2 cos(2iτ) 1

]⊤
iχn(

iξ) =− 10ϕ1(
iξ)
[
1 0 2 sin(2iτ)

]⊤ −

10ϕ2(
iξ)
[
0 1 −2 cos(2iτ)

]⊤
Let ∆ = 0. The baseline coordination term iχoc and the
decoupled one iχdc as follow:

iχoc =−
[
0 0 c(iτ)

]⊤
iχdc =−

(
c(iτ)− χ[3]

n (iξ)
)
s

(21)

where c(iτ) = 10(iτ − 1−iτ), and s =
[−2 sin(2iτ), 2 cos(2iτ), 1]⊤. The path following
error is ie = [ϕ1(

iξ), ϕ2(
iξ)]⊤, coordination error

is iec =
iτ − 1−iτ . We consider two distinct initial cases:

1) Case 1: Random initial positions with aligned
coordination parameters (i.e. 0τ0 = 1τ0), implying
no initial coordination errors.

2) Case 2: Random initial virtual coordinate iτ
with with initial position defined by iξ0 =
[cos(2iτ0), sin(2

iτ0),
iτ0], implying no initial path

following errors.

Additionally, define rcn = 1 + (χnχc)/(χnχn), which
characterizes the interaction between χn and χc. Specif-
ically, when rcn = 1, the two components are orthogonal
and do not influence each other. If rcn < 1, χc projects
onto the negative direction of χn, indicating an antag-
onistic relationship. Conversely, when rcn > 1, the two
components mutually reinforce each other.

The simulation result of Case 1 is presented in Fig.
4. As shown in Fig. 4a, the decoupled coordination term
iχdc guarantees orthogonality with iχn, thereby ensures
rcn = 1. In contrast, the baseline GVF exhibits a rapid
shift from a reinforcing to an antagonistic relationship
between iχoc and iχn. Consequently, Fig 4b reveals
that although the baseline GVF achieves a faster initial
decrease in ∥es∥, its overall convergence is slower than
that of the decoupled approach. Moreover, the baseline
GVF’s convergence behavior leads to an increase in ec
due to the inability to guarantee 0χ

[3]
n = 1χ

[3]
n , whereas
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(a) Trajectories of robot 1.
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Fig. 4: Simulation result of Case 1: no initial coordination
error.
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Fig. 5: Simulation result of Case 2: no initial path
following error.

the feedforward term in iχ
d
c maintains ec at zero by

eliminating the influence of iχn.
Similar conclusions are drawn from the results of Case

2 (Fig. 5). The non-decoupled coordination term 1χoc
exhibits an antagonistic relationship with 1χn throughout
the robot’s motion (Fig. 5a). This significantly impedes
its coordination error convergence compared to the de-
coupled approach, as shown in Fig. 5b. Furthermore, the
non-decoupled coordination term also leads to an increase
in ∥es∥, a phenomenon not observed with the decoupled
vector field.

THEOREM 1 (Path-following). Consider the autonomous
system iξ̇(t) = iχ(iξ)(t), where iχ(ξi) is defined by (13),
(14) and (20). Then ∀ iξ0 ∈ R5, iξ(t) globally converges
to the set S as t→ ∞.

Proof:
Select the Lyapunov function iVs = 1

2
ies

⊤
K · ies. Its

derivative can be calculated:

iV̇s =
iΦ⊤K∇iΦ iξ̇

(13),(14)
= −iχ⊤

n

(
iχt(ξ) +

iχn(ξ) +
iχc(ξ)

)

where K = diag{k1, k2, k3} is a diagonal matrix com-
posed of the gains of the convergence term, ∇iΦ =
[∇iϕ1,∇iϕ2,∇iϕ3]

⊤.
Due to the orthogonality of χn with χt and χc, the

above equation can be simplified to:

iV̇s = −iχ⊤
n
iχn

= −

(
3∑
j=1

k2j
iϕ2j +

iχ[4]
n

2
+ iχ[5]

n

2

)
≤ 0

Substituting (7), (10) and (14b), iV̇ s is expressed as:

iV̇s = −
3∑

j=1

((
ie

[j]
s kj

)2
+

(
ie

[j]
s

∂fj

∂τ1

)2

+

(
ie

[j]
s

∂fj

∂τ2

)2
)

≤ 0

The equality holds if and only if ies = 0. According
to Lyapunov stability criterion, limt→∞

ies = 0, which
means iξ converges to the set S as t→ ∞.

THEOREM 2 (Motion coordination). Consider the au-
tonomous system iξ̇(t) = iχ(iξ(t)), where iχ(iξ) is de-
fined by (13), (14) and (20). Suppose the communication
graph G among the robots has a directed spanning tree,
and ∆1 and ∆2 are given. Then ∀ iξ0 ∈ R5, the error
vectors ec1, ec2 converge to 0 as t→ ∞.

Proof:
Derivation of (16) yields iėck =

∑n
j=1 aij(

iτ̇k − j τ̇k) for

k = 1, 2. It is known that iτ̇1 = iξ̇
[4]

and iτ̇2 = iξ̇
[5]

.
By substituting (13), (14a) and (20), we obtain iτ̇1 =
−v5 + ic1 and iτ̇2 = v4 + ic2. Further substituting (17)
into the expressions for iėck, we have:

iėc1 = −kc1
n∑
j=1

aij(
iec1 − jec1)

iėc2 = −kc2
n∑
j=1

aij(
iec2 − jec2)

These equations can be expressed compactly in matrix
form as:

ėc1 = −kc1Lec1
ėc2 = −kc2Lec2

According to Lemma 1, as t→ ∞, ec1 and ec2 converge
to 0.

THEOREM 3 (Decoupling). Consider the autonomous sys-
tem iξ̇(t) = iχ(iξ)(t), where iχ(iξ) is defined by (13),
(14) and (20). Then the following statements holds:

1) If the convergence error satisfies ies(
iξ(tp)) = 0

at time tp, then for any t > tp it holds that
ies(

iξ(t)) = 0.
2) If the coordination error satisfies iec1(

iξ(tc)) = 0
(or iec2(iξ(tc)) = 0) at time tc, then for any t > tc
it holds that iec1(iξ(t)) = 0 (or iec2(

iξ(t)) = 0).

Proof:
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Differentiating both sides of (7), we obtain iės = ∇iΦ ˙iξ.
Substituting iξ̇ with iχ(iξ), and utilizing the orthogonal-
ity of ∇ϕk with iχn and iχc, we have:

iės =
[
∇iϕ1(

iξ) ∇iϕ2(
iξ) ∇iϕ3(

iξ)
]⊤ iχn

= −k∇iΦ
⊤
diag(ies)∇iΦ

When t = tp, ies = 0, which implies iės = 0. Thus, for
any t > tp,

∫ t
tp
iesdt = 0, and Statements 1 holds.

Similarly, according to Theorem 2, we obtain:

ėc1 = −kc1Lec1
ėc2 = −kc2Lec2

Thus, once eck converges to 0 at t = tc, it follows that
ėck = 0, thereby statement 2 holds.

B. Non-uniform GVF for Speed Coordination

Traditional approaches typically use GVF to guide the
desired movement direction, while robots maintain speeds
based on external requirements or a constant value. Which
mean the velocity vi of robot i is:

iv = iv(t)
iχph(iξ)

||iχph(iξ)||
where iv(t) is the speed of robot i at t, iχph(iξ) =
[iχ[1](iξ), iχ[2](iξ), iχ[3](iξ)] represents the components
of the vector field in the physical space. And according
to (14a), the corresponding virtual coordinate speed is
give by:

ivvi =

[
− v5
||iχph(iξ)||

v4
||iχph(iξ)||

]⊤
However, this approach is incompatible with coordi-

nation via virtual coordinates, particularly when robots
follow trajectories with different curvatures. To simplify
the analysis, assume a group of n robots has already
converged to the desired surface, with ies = 0 and
iec1 = iec2 = 0. The coordination errors for robot i are
derived as:

iėc1 = −v5
n∑
j=1

aij

(
1

∥iχpht (iξ)∥
− 1

∥jχpht (jξ)∥

)
iėc2 = v4

n∑
j=1

aij

(
1

∥iχpht (iξ)∥
− 1

∥jχpht (jξ)∥

)
Combining the errors of all robots into a vector, the above
equation simplifies to the following compact form:

ėc1 = L
[

1

∥1χph
t (1ξ)∥

· · · 1

∥nχph
t (nξ)∥

]⊤
ėc2 = L

[
1

∥1χph
t (1ξ)∥

· · · 1

∥nχph
t (nξ)∥

]⊤
where ∥iχpht (iξ)∥ =

√
v25 (∂f/∂

iτ1)
2
+ v24 (∂f/∂

iτ2)
2

according to (14b).
Based on the Property 2 of Lemma 1, the condition

for ėck = 0 is that ∥1χpht (1ξ)∥ = · · · = ∥nχpht (nξ)∥.
If this equality holds, it ensures that ec1 = ec2 = 0,
thus maintaining formation stability. However, due to

the arbitrary nature of the desired surface, this condition
cannot be strictly guaranteed. More detrimentally, without
the decoupled coordination term presented in (20), the
accumulation of iec1 and iec2 could adversely impact the
tracking performance, resulting in an increase in ies.

To address the problem of unstable formation main-
tenance caused by virtual coordinate speed mismatch,
which arises from vector field normalization, we propose
a non-uniform guiding vector field approach. This method
establishes a reference point iξ∗ for each robot. By
applying the predefined desired speed to the physical
components of iξ∗ and inversely deriving the desired
speed of robot i, we ensure its virtual coordinate velocity
matches the reference point. Subsequently, the demon-
strated convergence of each robot’s reference point to
a common location ensures stable formation movement
along the preset speed.

Define coordination speed as follows:

iv = vc
||iχpht (iξ)||
||iχpht (iξ∗)||

(22)

where vc ∈ R is the desired speed of the robot team,
iξ∗ = [ix∗, iτ∗1 ,

iτ∗2 ]
⊤ is the reference point, and ix∗ =

[f1(
iτ∗1 ,

iτ∗2 ), f2(
iτ∗1 ,

iτ∗2 ), f3(
iτ∗1 ,

iτ∗2 )]
⊤, where iτ∗1 and

iτ∗2 are defined as follows:
iτ∗1 =iτ1 − i∆∗

1

iτ∗2 =iτ2 − i∆∗
2

(23)

where i∆∗
j =

∑n
k=1 ∆

[i,k]
j /n, j = 1, 2 is the desired

difference between the i-th robot’s virtual coordinate and
its’ reference virtual coordinate.

Then the speed offset ratio is defined as:

ir =
iv

vc
=

||iχpht (iξ)||
||iχpht (iξ∗)||

(24)

and the corresponding non-uniform guiding vector field
is:

iχ̂ = iχ̂n + iχ̂t +
iχ̂c (25)

with:

iχ̂t =vc
iriχt

||iχpht + iχphn ||
(26a)

iχ̂n =vc
iχn

||iχpht + iχphn ||
(26b)

iχ̂c =vc
(iric1 − χ

[4]
n )s1 + (iric2 − χ

[5]
n )s2

||iχpht + iχphn ||
(26c)

where the denominator, notably, does not include iχ
ph
c

to prevent the normalization process from negating the
effect of the coordination term when iχc is aligned with
iχt.

ASSUMPTION 1. For all τ1, τ2 ∈ R, it holds that
∥v4∂f/∂τ2 − v5∂f/∂τ1∥ ≠ 0

Assumption 1 is crucial as it precludes the physical
space component of the propagation term from vanishing.
For normalized vector fields, this assumption remains nec-
essary, further requiring a stronger condition: ∥iχph∥ ≠ 0.
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In practice, to avoid a zero denominator in (26), the gain
of the convergence term can be adaptively increased or
decreased when ||iχpht + iχphn || approaches zero.

To facilitate the analysis of the non-uniform vector
field, the properties of the reference virtual coordinates
are first introduced.

LEMMA 2. Assuming the reference virtual coordinate iτ∗1
and iτ∗2 are defined by (23), ∆1 and ∆2 are defined
by (3). Then, for k = 1, 2, the following statements are
equivalent:

1) 1τ∗k = · · · = nτ∗k .
2) iτk − jτk = ∆

[i,j]
k for all i, j ∈ {1, · · · , n}.

Proof:
According to the definition of i∆∗

k, we have:

iτ∗k − jτ∗k = iτk − jτk −

(
n∑

m=1

∆
[i,m]
k −∆

[j,m]
k

n

)
(4c)
= iτk − jτk −∆

[i,j]
k

From this derived equality, it is evident that iτ∗k = jτ∗k for
all i, j if and only if iτk − jτk = ∆

[i,j]
k for all i, j. Thus,

the two statements are equivalent.
The following analysis shows that the proposed non-

uniform guiding vector field (25) achieves motion coor-
dination while ensuring convergence to uniform virtual
coordinate speeds.

THEOREM 4. Consider the system iξ̇ = iχ̂(iξ), where
χ̂ is defined by (25) and (26). For all initial conditions
iξ0 ∈ R5, the following three propositions hold as t→ ∞:

1) The path-following error converge to zero, i.e.,
ies → 0, where i ∈ Zn1 .

2) The coordination errors converge to zero, i.e.,
iec1,

iec2 → 0, where i ∈ Zn1 .
3) Robots moving on S with identical virtual coordi-

nate velocities, i.e. iτ̇1 = j τ̇1 and iτ̇2 = j τ̇2, for
all i, j ∈ Zn1 .

Proof:
For the first proposition, a similar analysis in the proof
of Theorem 1 can be applied. Consider the Lyapunov
function iVs = 1

2
ie⊤s · K · ies ≥ 0, the corresponding

differential equation is:

iV̇s =
iΦ⊤K∇ iΦ iξ̇

(26)
= − vc

||iχpht + iχphn ||
(

3∑
j=1

k2j
iϕj

2
+ iχ[4]

n

2
+ iχ[5]

n

2
)

Since vc/||iχpht + iχphn || > 0, it follows that iV̇s ≤ 0
and equality holds if and only if ies = 0. According to
Lyapunov stability criterion, the first proposition holds.

As for the second proposition, we still rely on Lemma
1 for the proof. The derivative of virtual coordinate is:

iτ̇1 =
vc
ir(−v5 + c1)

∥iχpht + iχphn ∥
iτ̇2 =

vc
ir(v4 + c2)

∥iχpht + iχphn ∥

(27)

Let L̂ = K̂L where K̂ =
diag(vc

1r, · · · , vcnr)/∥iχpht + iχphn ∥, L̂ still satisfies (6).
Combining all virtual coordinate derivatives, Eq. (27)
can be written as follows:

τ̇ 1 = L̂τ ∗
1

τ̇ 2 = L̂τ ∗
2

Based on Lemma 1, the components of τ ∗
1 (and τ ∗

2) con-
verge to a common value. This, combined with Lemma
2 ensuring that iτ1 and iτ2 converge to their desired
differences, leads to iec1 and iec2 converges to 0. Thus
the second proposition holds.

Based on the first two propositions, it is derived that
limt→∞

iξ̇
ph

= iχ̂pht = [−v5, v4], the third proposition
holds.

REMARK 4. The proposed vector field defined by (26)
addresses the formation instability associated with nor-
malized GVFs without requiring additional communi-
cation. While directly using unnormalized vector fields
(constructed from (13), (14), and (20)) can also achieve
a stable formation, the inherent variation of |iχpht | during
robot motion makes it difficult to regulate the overall for-
mation speed. In contrast, the proposed non-uniform GVF
explicitly introduces a speed modulation mechanism that
preserves formation stability while allowing the collective
motion speed to be specified or adjusted in a controlled
manner.

C. Desired Surface Generation via PT-Frame

Parametric-curve-based path planning problems have
been extensively studied. To address the challenges
posed by obstacles, we propose a moving-frame-based
desired surface generation method. As illustrated in
Fig. 6a, this method establishes a continuous mov-
ing frame M along a reference curve Fr(τr) =
[fr,1(τr), fr,2(τr), fr,3(τr)]

⊤. Subsequently, a formation
curve Ff (τf ) = [ff,1(τf ), ff,2(τf ), ff,3(τf )]

⊤ is pre-
scribed to move along this reference curve, thereby gener-
ating the desired surface F(τr, τf ). By applying path plan-
ning methods to Fr(τr), an obstacle-free surface F(τr, τf )
is established, as shown in Fig. 6b. The expression of
F(τr, τf ) is given by:

F(τr, τf ) = Fr(τr) +M(τr)Ff (τf ) (28)

where τr, τf ∈ R are the parameters of Fr and Ff ,
respectively. M(τr) ∈ R3×3 is the rotation matrix whose
columns are the basis vectors of the moving frame ex-
pressed in the inertial frame. The component functions
fr,i and ff,i for i = 1, 2, 3 belong to C2.
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(a) (b)

Fig. 6: Diagram of PT-frame-based surface construction
method. The red solid lines denote the reference curve
Fr(τr) and the dashed one in (b) is the original refer-
ence curve, the black curve denotes the formation curve
Ff (τf ), the frames consisting of red, blue and green
vectors are the moving frames. (a) Components of the
moving-frame-based desired surface. (b) Illustration of
obstacle avoidance through reference curve replanning.

The moving frame defines the rotational motion of Ff
along Fr. The Frenet frame is a moving frame commonly
used in autonomous driving and trajectory planning [23]–
[25]. However, it becomes undefined when the curvature
vanishes. The PT-frame offers an robust approach, ensur-
ing a well-defined moving frame even when the curve’s
second derivative vanishes [26].

PT-frame consists of mutually orthogonal unit vectors
T , N1 and N2, where T is the tangent unit vector of
curve Fr(τr). The rotation matrix is then given by:

M(τr) =

 T (τr)
N1(τr)
N2(τr)

⊤

(29)

The corresponding derivative satisfies the following
differential equation: Ṫ (τr)

Ṅ1(τr)

Ṅ2(τr)

 =
ds

dτr

 0 k1(τr) k2(τr)

−k1(τr) 0 0

−k2(τr) 0 0

 T (τr)

N1(τr)

N2(τr)


(30)

where ds
dτr

=
√
ḟ2r,1 + ḟ2r,2 + ḟ2r,3 is the arc length, k1(τr)

and k2(τr) satisfy the following equations:

κ(τr) =

√
k1

2 + k2
2 (31)

θ(τr) = arctan
k1
k2

(32)

t(τr) = −dθ(τr)
dτr

(33)

where κ(τr) is the scalar curvature, θ is the total ro-
tation accumulated along the curve, and t(τr) is the
torsion. By choosing different integrating constant θ0 for
θ = −

∫
t(τr)dτr + θ0, different initial PT-frame can be

obtained. Specifically, when θ0 = 0, the initial PT-frame
coincides with the Frenet frame.

κ and t are, in principle, calculated in terms of the
parameterized or numerical local values of Fr(τr) and its
first three derivatives as follows:

κ(τr) =
||Ḟr(τr)× F̈r(τr)||

||Ḟr(τr)||3

t(τr) =
(Ḟr(τr)× F̈r(τr)) · F (3)

r (τr)

||Ḟr(τr)× F̈r(τr)||2

(34)

The values k1(τr) and k2(τr) are obtained by solving
(31) to (34). Then the partial derivative of F(τr, τf ) can
be analytically derived.

To further enhance the success rate of desired surface
generation in obstacle-rich environments, an affine trans-
formation is additionally applied to Ff . Equation (28) is
then expressed as:

F(τr, τf ) = Fr(τr) + k(τr)M(τr)Rx(β(τr))Ff (τf )
(35)

where k(τr) > 0 is the scaling coefficient that scales Ff
at τr (as shown in Fig. 7a), rotation matrix Rx(β(τr))
defines the rotation of Ff around T (τr), with β(τr) being
the rotation coefficient that specifies the rotation angle (as
shown in Fig. 7a).

For the continuity of F(τr, τf ), k(τr) and β(τr) are
required to be C2 functions. Additionally, a lower bound
k(τr) ≥ kmin > 0 is imposed to prevent Ff (τf ) from
shrinking to an unacceptably small size.

*( )r r

*( )rT

*

1( )rN

*

2 ( )rN

*( ),r f 

(a) k(τ∗r ) = 0.7

*( )r r

*( )rT

*

1( )rN

*( ),r f 

*( )r 

*
1( )rN

(b) β(τ∗r ) = π/4

Fig. 7: Illustration of the scaling and rotation coefficients.

REMARK 5 (Application in Obstacle Environments).
The proposed PT-frame-based desired surface generation
method (35) significantly enhances surface design flexi-
bility and efficiency, thereby extending the applicability
of GVF on 2D manifolds, especially in obstacle-rich
environments. For a given reference curve Fr(τr) and
formation curve Ff (τf ), an obstacle avoidance planning
workflow can be outlined as follows:

1) Reference Curve Replanning: Utilize replanning
methods, such as those described in [27], to obtain
an obstacle-free reference curve Fr. To enhance
the success rate of surface planning, obstacles can
be inflated to ensure Fr maintains a safe distance
from them.

2) Surface Initialization: Initialize the scaling co-
efficient k(τr) = 1 and the rotation coefficient
β(τr) = 0. Substitute these into (35) to obtain
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an initial desired surface F . Initialize empty lists
τ l, kl, and βl to store the planned reference
curve parameters, scaling coefficients and rotation
coefficients, respectively.

3) Collision Point Selection: Calculate the distance
of points on F that either collide with obstacles or
are closer than a safe distance dsafe (where dis-
tance is considered negative if inside an obstacle).
Select the point corresponding to the minimum
distance and denote its corresponding reference
curve parameter as τ∗r .

4) Affine Transformation Coefficients Calculation:
An optimization problem is then solved to mini-
mally perturb the current k(τ∗r ) and β(τ∗r ) val-
ues while ensuring the cross-section F(τ∗r , τf ) is
within the safe region. A simplified objective could
be:

min J(k, β) = (β − β(τ∗r ))
2 + (k − k(τ∗r ))

2

s.t. distance(F(τ∗r ), O) > dsafe

where O denotes the obstacles. The optimal affine
transformation coefficients k∗ and β∗ are then ob-
tained. τ∗r is inserted into τ l in order, and k∗ and
β∗ are inserted into the corresponding indices of
kl and βl, respectively. Subsequently, polynomial
or other smooth interpolation methods are applied
to the sequence pairs [τ l,kl] and [τ l,βl] to obtain
revised k(τr) and β(τr). These updated coefficients
are then used in (35) to generate a revised surface
F .

5) Iterative Optimization: Repeat Steps 3 and 4 until
the entire surface satisfies the obstacle-free condi-
tion, i.e., distance(p,O) > dsafe for all p ∈ F .

IV. SIMULATION AND EXPERIMENTS

A. Ablation Study

To clearly demonstrate the effectiveness of the de-
coupled coordination and speed coordination strategies,
we conduct four comparative simulations: the baseline
guiding vector field (GVF), guiding vector field with de-
coupled coordination term (DGVF), guiding vector field
with speed coordination strategy (NGVF) and guiding
vector field with both (DNGVF). For clarity, the baseline
coordination term iχoc and the decoupled one iχdc are
defined in (21), the non-uniform vector field with speed
coordination is defined by (26). The specific definitions
for each GVF are as follows:

GVF : iχ̂B =
iχt +

iχn + iχoc

∥iχt
ph

+ iχn
ph∥

DGVF : iχ̂D =
iχt +

iχn + iχdc

∥iχt
ph

+ iχn
ph∥

NGVF : iχ̂N = iχ̂t +
iχ̂n + iχ̂oc

DNGVF : iχ̂DN = iχ̂t +
iχ̂n + iχ̂dc

(36)

To validate the efficacy of the proposed method and
demonstrate its enhanced performance relative to the

baseline strategy in ideal settings, numerical simulations
are conducted with iξ̇ = iχ̂(ξ). The convergence gains are
uniformly set as k1 = k2 = k3 = 0.1, and the coordination
gains kc1 and kc2 are set to 0.5 and 0.2, respectively. The
desired cruising speed of the robot team is vc = 10 m/s
and the guiding signal frequency is 10 Hz. The initial
virtual coordinates are initialized as 1τ1 = · · · = nτ1 = 0
and 1τ2 = · · · = nτ2 = 0. The robots communicate using
a ring topology, as shown in Fig. 8.

Fig. 8: Communication topology graph of 10 nodes.

We conduct a simulation of five robots moving on
a toroidal surface. The virtual coordinates of all robots
are initialized to zero, and their physical coordinates are
randomly distributed. The 300-second simulation consists
of three sequential phases:

1) From 0 s to 100 s, the desired formation is
uniformly distributed along the formation curve
with v = [0, 0, 0, 0, 1].

2) From 100 s to 200 s, v4 is modified to 0.5.
3) From 200 s to 300 s, the desired formation changes

to a circular formation on the surface.

As shown in Figs. 10 and 11, during 0 s to 100
s, the coordination error along τ1 is considerably larger
than that along τ2. This results from formation instability
caused by the identical speed setting under the given
surface and v configurations (see Fig. 9a), which mainly
affects coordination alone τ1. The increased coordination
error propagates through the coupled dynamics, resulting
in larger path-following errors. When v4 is increased to
0.5 at 100s, the introduced motion along the formation
curve enables the robots to oscillate around the desired
surface, thereby alleviating curvature-induced formation
distortions and reducing path-following errors.

The speed coordination strategy stabilizes the forma-
tion by synchronizing robot speeds and mitigating the
instability caused by speed mismatches. As shown in
Fig. 9b, the formation under NGVF avoids the non-
convergent behavior observed in Fig. 9a. Furthermore,
Fig. 9 indicates that NGVF yields the smallest steady-
state formation error, enabling convergence of the path-
following error even in the absence of the decoupled
coordination term.

The decoupled coordination term constrains the coor-
dination motion within the normal plane of the conver-
gence term, effectively preventing interference between
the path-following and coordination errors. Consequently,
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when ∆1 and ∆2 change at 200 s, the coordination error
increases sharply. Due to the coupling effect, the path-
following errors of GVF and NGVF also rise, whereas
the DGVF remains stable.

(a) GVF (b) NGVF

Fig. 9: Trajectories of 5 robots from 0s to 150s.

Fig. 10: Average path-following errors of 5 robots.

(a) τ1 mean errors

(b) τ2 mean errors

Fig. 11: Average coordination errors of 5 robots.

To further validate the path-following and coordina-
tion effectiveness of the proposed method with a larger
swarm size, we consider a team of n = 51 robots.
The desired differences matrices ∆1,∆2 ∈ R51×51 are
manually set to form a “TAES” letter combination on the
desired surface. The desired surface is constructed using
the PT-frame-based method described in Subsection III.C,
where the reference curve is a closed curve containing

three self-intersection points. The specific parameters for
Fr(τr) and Ff (τf ) are provided in Appendix A. The extra
vector in (9) is set as v = [0, 0, 0, 0.5, 1].

Fig. 12 depicts the moving trajectories of robots
guiding by DNGVF from 0 to 500 seconds. It is observed
that under the DNGVF, the robots achieve the preset
formation shape by 25 seconds and subsequently main-
tain this formation as they continuously move along the
surface, with their motion consistent with the specified v.
Fig. 13 and Fig. 14 illustrate the evolution of the reference
points iξ∗ for each robot under different vector fields.
According to the analysis in Section III.B, when iec1 and
iec2 converge to zeros, iξ∗ should converge to a common
point. It is evident that in DNGVF, the reference points
of individual robots are more concentrated, resulting in
higher formation accuracy.

(a) The formation pattern at 15s. (b) The formation pattern at 25s.

(c) The formation pattern at 145s. (d) The formation pattern at 415s.

Fig. 12: Simulated motion trajectories and formation
configurations of 51 robots at different time.

Fig. 13: Changes in the physical coordinates of the refer-
ence points, iξ∗ph, for GVF, DGVF, NGVF and DNGVF
with respect of time.

To quantify the tracking performance, the mean
path-following error is defined as mean||es|| =
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Fig. 14: Changes in the virtual coordinates of the refer-
ence points, iξ∗vi, for GVF, DGVF, NGVF and DNGVF
with respect of time.

∑51
i=1 ||ies(iξ)||/51. Additionally, the time-averaged path-

following error over the interval [a, b] is given by
avgba(||es||) = 1

b−a
∫ b
a
mean||es||dt. Using the same ap-

proach, mean|ec1|, mean|ec2|, avgba |ec1| and avgba|ec1| are
defined. Table. I summarizes the time-averaged errors of
avgba(||es||), avgba |ec1| and avgba|ec1| for each method.
Additionally, Fig. 15 illustrates the variation of mean||es||
across different methods, while Fig. 16 shows mean|ec1|
and mean|ec2|.

Table I shows that DGVF and DNGVF achieve sig-
nificantly higher tracking accuracy compared to vector
fields without the decoupled coordination term. Moreover,
the coordination error of DNGVF and NGVF which
incorporate speed coordination, is markedly lower than
other vector fields, and DNGVF demonstrates the highest
coordination accuracy.

TABLE I: Average path-following errors and average
coordination errors of the four methods from 150 to 500
seconds.

avg500150(||es||) [m] avg500150|ec1| avg500150|ec2|

GVF 3.90 2.00 2.59
DGVF 0.33 2.34 2.69
NGVF 2.23 1.21 1.14
DNGVF 0.73 0.38 0.19

The error plots confirm analogous findings. Fig. 15
and Fig. 16 illustrate that DGVF, despite its higher
coordination error, achieves superior tracking accuracy.
This outcome underscores the decoupled coordination
term’s ability to effectively segregate the influences be-
tween coordination and tracking dynamics. Furthermore,
GVF and NGVF display correlated trends in tracking

and coordination errors between 350 and 500 seconds.
As elucidated in Section III.A, this arises because the
coordination behavior’s component along ∇ϕj(iξ) can
undesirably draw iξ away from S as ∥ies∥ approaches
zero, leading to an antagonistic interplay. Likewise, if
iχphn are not uniformly equal for all i ∈ n, the con-
vergence term can also displace iξ from the ideal zero
formation error state.

Moreover, as analyzed in Section III.B, vector field
normalization can lead to formation instability. Fig. 16
corroborates this, showing that the normalized GVF and
DGVF result in significant coordination errors and consid-
erable fluctuations. Despite NGVF’s speed coordination
mechanism effectively improving formation accuracy, its
coordination accuracy is slightly lower than DNGVF
due to the mutual interference between convergence and
coordination behaviors.

In conclusion, DNGVF leverages its decoupled co-
ordination term to prevent interference between coordi-
nation and tracking behaviors. Simultaneously, its speed
coordination strategy mitigates the formation instability
arising from normalization without increasing robot inter-
action information. This combined approach consequently
enhances both path tracking and formation accuracies.
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Fig. 15: Path-following errors of different methods.
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Fig. 16: Coordination errors of different methods.
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Fig. 17: Obstacle-free desired surface generated via the
PT-Frame-based method.

B. Software-In-The-Loop Experiments

Velocity-tracking errors in practical flight control of-
ten cause deviations from the desired vector-field velocity.
To examine the algorithm’s performance under such non-
ideal conditions, software-in-the-loop (SITL) simulations
are carried out using the PX4 autopilot suite. Eight VTOL
models are employed, with the GVF/DNGVF providing
navigation signals, while coordinated turn controller (37)
and TECS controller (38) handle attitude regulation.

Under the no sideslip assumption, the desired yaw
angle of UAV i is

iψd = arctan 2(ẏd, ẋd)

where ẋd = iχ̂[1] and ẏd = iχ̂[2] denote the desired
velocity components of UAV i in the XY-plane.

According to the coordinated turn, the desired roll
angle is derived as:

iϕd = arctan(
||ivd||kψ(ψd − ψ)

g
) (37)

where g is the gravitational acceleration.
Based on TECS [28], the desired thrust and pitch

angle are obtained:
iθd,

iTd = TECS(ḣd,
ivd, UavStatus) (38)

where ḣd = iχ̂[3] denotes the desired longitudinal speed,
ivd = ||iχ̂ph|| is the desired speed.

UAVs often operate in ground-parallel formations for
missions such as ground tracking, area search, and road
inspection. Accordingly, in the SITL flight simulation, we
accordingly design the formation curve with F [3]

f = 0,
resulting in a strip-like desired surface as depicted in
Fig. 17. Moreover, through strategic design of the scaling
and rotation coefficients in (35), the surface is configured
to pass through narrow gaps and circumvent nearby
obstacles. The specific parameters of the desired surface
are detailed in Appendix B.

The key parameters for the simulation are set as
follows: v = [0, 0, 0, 0,−1], kc1 = 0.02, kc2 = 0.01,
k1 = k2 = k3 = 0.002, vc = 15 m/s, and the guiding
signal frequency is 5 Hz. The desired differences matrix

Fig. 18: 8 VTOLs on the ground in SITL experiments.

∆1 is set to be 0, while ∆2 is configured to ensure the
UAVs are uniformly distributed along Ff .

8 UAVs are initialized with virtual coordinates 1τr =
· · · = 8τr = 0 and 1τf = · · · = 8τf = 0, and their physical
starting positions set near the origin, as shown in Fig. 18.
The simulation begins with UAVs taking off from the
ground in copter mode, ascending to 80 m altitude over
approximately 30 seconds. Following this ascent, they
transition to fixed-wing mode, flying under the guidance
of GVF/DNGVF. Their attitude control is determined by
(37) and (38).

Fig. 19a displays the simulated flight trajectories of
UAVs guided by DNGVF. To better illustrate the forma-
tion performance, Figs. 19b and 19c depict the trajectories
of the group of UAV flight on the affinely transformed
desired surface under GVF and DNGVF guidance, respec-
tively. It can be observed that, owing to the normalization
process, UAVs guided by GVF struggle to maintain the
prescribed formation shape, while DNGVF effectively
ensures the swarm flies in the predetermined formation.

Figs. 20 and 21 present the average path-following
and coordination errors, respectively. Compared to GVF,
UAVs guided by DNGVF exhibit enhanced tracking and
coordination accuracies. Moreover, it can be observed that
once the group largely stabilizes (at approximately 50 s),
the values of mean(∥es∥), mean(|ec1|) and mean(|ec2|)
under GVF guidance display similar trends, aligning with
the findings in Section IV.A.

Furthermore, the errors ec1 are significantly greater
than ec2. This discrepancy arises from the speed con-
trol inaccuracies inherent in the chosen UAV attitude
controller. Specifically, the configurations v4 = 0 and
v5 = −1, leading to iχt = [∂Fr/∂τr, 1, 0]⊤. When
es, ec1 and ec2 are small, the flight direction of UAVs
largely aligns with iχt. Therefore, the speed control error
prevents the UAVs from accurately moving at the desired
speed, consequently leading to errors in iξ[4].

V. CONCLUSION

In this paper, we propose a guiding vector field
that decouples path-following behavior and coordination
behavior. The proposed method effectively reduces path-
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(a) Trajectories of UAVs guided by DNGVF.

(b) Flight trajectories and formation of UAVs guided by GVF on
segments 1 and 2 of the desired surface.

(c) Flight trajectories and formation of UAVs guided by DNGVF on
segments 1 and 2 of the desired surface.

Fig. 19: UAV trajectories under GVF and DNGVF navi-
gation in SITL experiments.

Fig. 20: Path-following errors of UAVs under GVF and
DNGVF navigation in the SITL experiments.

following error and coordination error of robots. Specif-
ically, we first introduce auxiliary vectors orthogonal
to the convergence term, projecting the virtual coordi-
nate coordination quantity onto the auxiliary vector to
achieve decoupling from the convergence term. Then,
utilizing the consistency of reference virtual coordinates,
we construct a non-uniform GVF to ensure that the
virtual coordinate speeds of the robots converge to the
same value, improving formation maintenance accuracy.
We analyze the stability of the proposed method. Addi-
tionally, we propose a PT-Frame-based desired surface
construction method to enhance surface design flexibility.
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Fig. 21: Coordination errors of UAVs under GVF and
DNGVF navigation in the SITL experiments.

Finally, we conduct numerical simulation ablation ex-
periments and Software-in-the-Loop (SITL) comparison
experiments. The results demonstrate that the proposed
method effectively improves path-following accuracy and
formation coordination.

APPENDIX

A. The Desired Surface Parameters in Ablation Study

A three-dimensional, third-order polynomial curve is
determined by a point list p = [p[1], · · · ,p[n]]⊤ ∈ Rn×3, a
velocity list v = [v[1], · · · ,v[n]]⊤ ∈ Rn×3 and a parameter
list τ = [τ1, · · · , τn] ∈ Rn, where n ≥ 2 and τi < τj for
any i < j, i, j ∈ Zn1 . If this curve is closed, then n ≥ 3
and p1 = pn and v1 = vn.

A three-dimensional, third-order polynomial curve is
expressed as:

x(τ) = A1,iTi(τ)

y(τ) = A2,iTi(τ)

z(τ) = A3,iTi(τ)

(39)

where the segment index i is determined by i = arg(0 ≤
τ̄ < τi+1−τ1) and τ̄ = τ mod (τn−τ1), Ak,i is the k-th
coefficient matrix of the i-th segment of the curve, Ti(τ)
is the parameter vector of the i-th segment of the curve.
Ak,i and Ti(τ) are determined by (40) and (41).

Ak,i =
1 0 0 0
0 1 0 0

−3/Γ2
i −2/Γi 3/Γ2

i −1/Γi
2/Γ3

i 1/Γ2
i −2/Γ3

i 1/Γ2
i




p(i, k)
v(i, k)

p(i+ 1, k)
v(i+ 1, k)


(40)

Ti(τ) =
[
1 τ − τ i (τ − τ i)

2 (τ − τ i)
3
]⊤ (41)
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where Γi = τ i+1 − τ i is the parameter gap.
For the ablation study, the conference curve is ob-

tained by fitting the curve defined by the equation below
using (39):

f1(ω) = 100 cos(2ω) (cos(3ω) + 2)

f2(ω) = 100 sin(2ω) (cos(3ω) + 2)

f3(ω) = 10

The point list, velocity list and parameter gap of
reference curve (F )r are determined by:

p[i]
r =

f1(2π/n ∗ (i− 1))
f2(2π/n ∗ (i− 1))
f3(2π/n ∗ (i− 1))


v[i]
r =0.1unit

(
di,i−1(p

[i+1]
r − p

[i]
r )

di+1,i + di,i−1
+
di+1,i(p

[i]
r − p

[i−1]
r )

di+1,i + di,i−1

)
Γi =10∥p[i+1]

r − p[i]
r ∥

(42)
where n = 100 is the sample point amount, and di+1,i =

∥p[i+1]
r − p

[i]
r ∥.

The point list p[i]
f of Ff is:

pf =


0 40 10
0 −40 10
0 −40 −10
0 40 −10


And the velocity list vf and parameter gap Γi are derived
using the same method as (42)

B. The Desired Surface Parameters in SITL
Experiments

The point list of Fr used in SITL simulation is:

pr =

280 440 800 910 1000 880 440 320 240

80 −40 80 180 560 880 880 720 480

100 100 100 140 140 100 100 100 80


And the corresponding vr and Γi are derived using the
same method as (42).

The parameters of formation curve are obtained by
fitting a circle:

f1(ω) =30 cos(ω)

f2(ω) =30 sin(ω)

f2(ω) =0
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