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ARTICLE INFO ABSTRACT

Editor: Chaoyong Li This paper investigates the safety-critical trajectory tracking for a fixed-wing unmanned aerial vehicle (UAV)
considering prescribed performance requirements, unknown disturbances, and both static and dynamic obsta-
cles. First, a class of polynomial performance functions is designed to naturally satisfy the initial condition and
achieve quantitative performance requirements. Based on this, a prescribed performance trajectory tracking
controller is developed to ensure that the tracking error remains within the performance boundaries. Second, an
obstacle avoidance method that couples control barrier function (CBF) theory with a predefined-time disturbance
observer is proposed. This method attenuates the effect of disturbances on UAV flight within a predefined time,
thereby rigorously ensuring obstacle avoidance safety and improving the disturbance rejection capability.
Furthermore, within a quadratic programming framework, the prescribed-performance controller is integrated
with CBFs to preserve tracking performance as much as possible while ensuring flight safety. Finally, to address
potential violations of the performance boundaries during obstacle avoidance, adaptive adjustment signals are
designed based on positive system theory to achieve flexible relaxation of the performance boundaries. Theo-
retical analysis demonstrates that the proposed scheme guarantees both obstacle avoidance safety and contin-
uous tracking of the desired trajectory, even in the presence of unknown disturbances. Simulations validate the
effectiveness and advantages of the proposed method in environments with obstacles and disturbances.
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1. Introduction safety. Thus, designing a control strategy that effectively balances these

two aspects is of significant theoretical and practical importance for

Fixed-wing unmanned aerial vehicles (UAVs), leveraging their ad-
vantages of long endurance, high cruising speed, large payload capacity,
and cost-effectiveness, have been widely applied in both civilian and
military domains, such as forest fire monitoring [1], formation flight
[2], and target search and tracking [3]. In complex environments, UAVs
frequently encounter unknown disturbances and obstacles. Conse-
quently, achieving high-performance trajectory tracking while ensuring
safety has become an urgent requirement for fixed-wing UAVs to
accomplish missions rapidly and effectively. From a performance
perspective, the controller is designed to drive the UAV to follow a
desired trajectory while satisfying prescribed performance re-
quirements, such as user-specified convergence time and steady-state
error. From a safety perspective, it is essential for the UAV to maintain
a safe distance from obstacles during trajectory tracking. However, a
conflict often arises between trajectory tracking performance and flight
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fixed-wing UAVs.

For the trajectory tracking problem of fixed-wing UAVs, various
advanced feedback control methods were proposed in [4-9]. These
approaches primarily focus on the convergence time and stability of the
closed-loop system but, to some extent, overlook the transient perfor-
mance and steady-state accuracy of the tracking error. Recently, pre-
scribed performance control (PPC), pioneered in [10], was shown to
ensure that the tracking error evolves within predefined performance
boundaries, thereby achieving both transient performance (e.g., over-
shoot and convergence time) and steady-state accuracy. Due to its ad-
vantages in performance constraints, PPC has attracted considerable
attention. Recent studies primarily focus on the design of performance
functions that characterize performance boundaries for the system. To
address the issue of infinite convergence time associated with traditional
performance functions [10-13], fixed-time performance functions were
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developed in [14-17], allowing the convergence time to be specified in
advance. Furthermore, to reduce overshoot, enhanced performance
functions were proposed in [18-22], effectively constraining the varia-
tion range of the tracking error by utilizing a pair of same-side bound-
aries. However, when the system restarts or the desired state changes,
the aforementioned methods [10-22] require redesigning the perfor-
mance functions and verifying the initial condition. This not only limits
the autonomous operation capability of the system but also increases the
complexity of controller design. To mitigate this issue, performance
functions with large initial values were introduced in [23-25]. Never-
theless, the enlarged performance constraints during the initial phase
may compromise transient performance. Performance functions related
to the initial tracking error were designed in [26-28], which can auto-
matically adapt to arbitrary known initial condition, but their drawback
is the inability to precisely prescribe the convergence time. Therefore, it
is necessary to systematically develop a new class of performance
functions that naturally satisfy the initial condition while achieving
quantitative performance requirements.

In environments with obstacles, the safe flight of UAVs requires
maintaining a safe distance from surrounding objects [29]. A straight-
forward approach is the artificial potential field (APF), which generates
a strong repulsive force when the controlled object approaches an
obstacle [30,31]. Another method is the control barrier function (CBF),
which encodes system safety constraints through the forward invariance
of state sets [32-35]. Compared with APF, CBF not only provides
provable safety guarantee but also yields smoother control behavior
[36]. In practical missions, UAVs inevitably encounter external distur-
bances [37-39]. Since CBFs heavily rely on precise system models,
disturbances may drive the system state beyond the safe set.
Input-to-state safe CBFs [40,41] ensure the forward invariance of an
enlarged set under disturbances, but fail to guarantee the invariance of
the original safe set. Robust CBFs [42-44], typically designed based on
worst-case disturbance bounds, ensure safety but may result in an overly
conservative admissible safe input set. Recent studies have combined
disturbance observers with CBFs to achieve robust safety by actively
estimating external disturbances [45-47]. However, these approaches
require knowledge of the upper bound of disturbance estimation error.
In [48], a Lyapunov function was employed to characterize disturbance
estimation error, thereby eliminating the dependence on such an upper
bound, but the method is only applicable to specific types of distur-
bances. Moreover, the aforementioned disturbance observers [45-48]
achieve only asymptotic convergence. By contrast, the predefined-time
disturbance observer (PTDO) can achieve high-precision disturbance
estimation within a predefined time. Therefore, integrating PTDO with
CBFs holds the potential to more rapidly suppress the impact of distur-
bances while ensuring strict robust safety and improving control
performance.

The obstacle avoidance process in UAVs can degrade trajectory
tracking performance, which in turn leads to an increase in tracking
error. However, the performance requirements in PPC remain invariant,
which conflicts with the control capability degradation during obstacle
avoidance. Singularity issues may arise once the actual error exceeds the
prescribed boundaries. In [13,23] and [12,18-20], singularity issues
caused by disturbances and input saturation were addressed by intro-
ducing modification signals into the performance functions to achieve
dynamic relaxation of performance constraints. Nevertheless, these ap-
proaches cannot be directly extended to handle singularities arising
from obstacle avoidance. Therefore, further investigation is required to
effectively address the potential singularities of PPC induced by obstacle
avoidance.

Motivated by the above discussion, this paper investigates safe tra-
jectory tracking for a fixed-wing UAV under unknown disturbances and
performance constraints. A novel control scheme is proposed, which
effectively balances tracking performance and flight safety. The pro-
posed scheme integrates PPC, a PTDO, and CBFs within a unified
framework. It elucidates how, when performance requirements conflict
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with safety constraints, appropriately relaxing tracking performance can
ensure that the UAV trajectory remains strictly within the safe region.
The main contributions of this paper are summarized as follows:

1. A safety-critical trajectory tracking control strategy is proposed
based on quadratic programming (QP) for a fixed-wing UAV oper-
ating in complex environments with external disturbances and ob-
stacles. Specifically, a PPC-based controller forms the performance
baseline, while CBFs are constructed using a PTDO to serve as safety
constraints. These components are unified within the QP framework.
The proposed strategy strictly ensures obstacle avoidance safety and
accurate trajectory tracking, even in the presence of disturbances.
Compared to existing trajectory tracking approaches [4-9,21-23,
35], this study simultaneously considers external disturbances,
obstacle avoidance, and performance constraints. The investigated
problem is more practically significant and challenging due to the
potential conflicts between performance objectives and safety con-
straints, as well as the possibility of safety constraint violations
induced by disturbances.

2. Unlike existing performance functions [10-28], this paper designs a
class of polynomial performance functions (PPFs) that can
pre-quantify overshoot, settling time, and steady-state tracking error
accuracy, while naturally satisfying the initial condition. Moreover,
nonnegative adaptive adjustment signals are introduced to dynami-
cally quantify the performance degradation caused by obstacle
avoidance, and to elastically relax the performance boundaries,
thereby effectively avoiding potential singularity issues in PPC.

3. A real-time obstacle avoidance method is proposed by combining a
PTDO and CBFs, ensuring that the UAV maintains a safe distance
from obstacles even in the presence of unknown disturbances. In
contrast to robust CBFs in [42-44], which rely on known disturbance
bounds, the proposed method actively estimates and compensates for
disturbances via the observer, thereby reducing the conservativeness
of the admissible safe control input set. Furthermore, compared to
the method in [45-48], the designed PTDO enables faster elimina-
tion of the disturbance impact on system safety. Its convergence time
is predefined, thereby enhancing the flexibility of system
performance.

The remainder of this paper is organized as follows. Section 2 in-
troduces necessary lemmas and the formal problem statement. Section 3
presents the design of a class of PPFs and adaptive adjustment signals.
Section 4 first develops a PTDO, followed by the design of a prescribed
performance trajectory tracking controller. Section 5 constructs CBFs
based on the PTDO and then proposes a safety-critical trajectory
tracking control strategy for the UAV within the QP framework. Section
6 provides simulation results to verify the effectiveness of the proposed
method. Finally, Section 7 concludes the paper.

Notations: Let R denote the set of real numbers, and Ry =
{a € Rja > 0}. R? represents the d-dimensional Euclidean space; R™"
denotes the set of m x n real matrices; I, represents the n dimensional
identity matrix. For a given vector or matrix A, AT denotes its transpose.
If matrix A is invertible, A~} denotes its inverse. Given two vectors A =
[ai] and B = [b;] of the same dimension, A-B indicates that a;eb; for all i
with « € { >, <,> <,=} and max(A, B) = [max(a;, b;)]. Define the
function sig/(-) = |-° sign(~), where sign(-) is the sign function. For a

vector argument x, sigf(x) and sig(x) are defined element-wise. A
function a: R—R is said to belong to class 7%, (a € 7%), if it is
continuous, strictly increasing, satisfies a(0) =0 and lim,_.,a(x) =
+oo. Examples include a(x) =ax or a(x)=ax® with a>0. For
simplicity, the time index t will be omitted where no ambiguity arises.



C. Yan et al.
2. Problem statement and preliminaries
2.1. Fixed-wing UAV dynamic model

The dynamic model of the fixed-wing UAV is formulated using the
following two coordinate frames: (1) the inertial frame F; = {O; —
X,Y,Z;}, and (2) the body-fixed frame F, = {0, — X532 }, whose origin
coincides with the center of mass of the UAV. Based on these frames, the
UAV dynamics can be expressed as follows [49]:

x = Vcosfcosy + dy
y = VcosOsiny + d, (€8]
2 = Vsinf +d,

VzﬂfgsinGerv
m
o Leosgp  gecosd
mV 14
_ Lsing
" mVcosd

+dy 2

where p = [x,y,2]" denotes the position of the UAV in the inertial frame
Fj; Vis the airspeed; 6, y and ¢ represent the flight path angle, heading
angle, and roll angle, respectively; T, L and D denote the engine thrust,
lift, and drag, respectively; m is the mass of the UAV; g is the gravita-
tional acceleration; dy, dy, d;, dv, dy and d,, represent unknown external
disturbances acting on the state variables, such as natural wind or
unmodeled dynamics. The control inputs are selected as the thrust T, the
roll angle ¢, and the lift force L. Specifically, the thrust T is regulated via
throttle control, the roll angle ¢ via rudder and aileron actuation, and
the lift L via the elevator. For the convenience of simulation, the indirect
control input is defined as u = [T, Lcos¢, Lsing]”. The fixed-wing UAV
model and variable definitions are illustrated in Fig. 1.

Let v=p = [Vx, ¥y, VZ}T denote the velocity vector of the UAV. Tak-
ing the derivative of (1) and substituting (2) into the result yields the
following compact form:

Vs

i F, : Body-fixed frame

F, : Inertial frame

X,

Fig. 1. Fixed-wing UAV model and variable descriptions.
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p=v
. R 3
v=—u+a+d
m
where
cosfcosy —sinfcosy —siny —Dcosfcosy
R = | cosfsiny —sinfsiny cosy |;a = % —DcosOsiny | ;
sing cosd 0 —Dsiné — mg

dx + dycosfcosy — Vdgsinfcosy — Vd,, cosfsiny
d= [dy + dycos@siny — Vdpsinfsiny + de,cosé)cosy/} represents
dz + dysind + Vdycosd
the lumped disturbance acting on the UAV.

2.2. Control Barrier Functions

Consider a nonlinear affine system:
x =f(x) + g(x)u (€)]

where x € R" and u € R™ denote the system state and control input,
respectively. The functions f(x): R"->R" and g(x): R"->R™™ are
assumed to be locally Lipschitz continuous. Furthermore, it is assumed
that system (4) is forward complete, i.e., for any initial state x(0), there
exists a unique solution defined on t € [0, ).

The safe set is defined as the O-superlevel set of a continuously
differentiable function h : R"—R, specifically:

C={xeR":h(x) >0} ()
The set C is assumed to be nonempty and free of isolated points.

Definition 1. A set C is called a forward invariant set with respect to
system (4) if for any initial state x(0) € C, it holds that x(t) € C for all
t > 0. In other words, the safety of (4) is equivalent to the forward
invariance of the set C.

Given a safe set C and a function h(x), CBF theory provides a sys-
tematic framework for synthesizing controllers with provable safety
guarantees. This theory characterizes the influence of the control input u
on system safety by analyzing the derivative of h(x).

Definition 2. For the set C defined by Eq. (5), a continuously differ-
entiable function h(x) is called a CBF for system (4) on C, if there exists
a € 7, such that for allx € C:

sup {Lsh(x) + Lsh(x)u} > —a(h(x)) (6)

ucR™
where Lh(x) = “0f(x) and Lgh(x) = ¥ (x).

Lemma 1. [32] If h(x) is a CBF on the set C for system (4), then any
locally Lipschitz continuous controller u that satisfies:

L¢h(x) + Leh(x)u > —a(h(x)) (7)

ensures the safety of (4) with respect to C.

Noted that if the relative degree of the control input u with respect to
the function h(x) is greater than 1, the derivative of h(x) does not
directly depend on u. In this case, the function h(x) cannot be directly
used to construct a safety controller. The high-order CBFs method can be
adopted, which constructs a CBF base on h(x). The main idea of high-

order CBFs is to introduce A(x) + a(h(x)) as a high-order CBF:
he(x) = Leh(x) + Lyh(x)u + a(h(x)) 3

whose O-superlevel set is C, = {x € R" : h,(x) > 0}. If the high-order
CBF h.(x) remains nonnegative, system safety can be guaranteed ac-
cording to Eq. (7), similar to the case in which h(x) serves as a CBF.
Further technical details are provided in [33,34].
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Therefore, if the controller u is designed such that Eq. (7) holds for all
x € C, the closed-loop system will remain entirely within the safe set:
x(0) € C=x(t) € C,Vt > 0. Eq. (7) is commonly used as a constraint in an
optimization problem to synthesize a safety-critical controller. For
instance, a nominal controller uy(x) : R"—R™, which may not guarantee
safety, can be modified into a safety-critical controller using QP, as
follows:

us(x) = argmin || u — ug(x) ||
ueR™ (9)
s.t. Lsh(x) + Lsh(x)u > —a(h(x))

The optimization problem is formulated to minimize the deviation
between the safety control input and the nominal control input.

The controller that satisfies Eq. (7) may no longer be sufficient to
guarantee the safe of system in the presence of unknown disturbances.
Consider the system:

x =f(x) + g(x)u + d(x,p) (10)

where disturbance p € R? and function d(x,p) : R" x RI—>R". Note that
p and d(x, p) are unknown. Consider the time derivative of h(x) along
the system (10):

h(x) = Lsh(x) + Lgh(x)u + a};(:)

d(x,p) 11

If %d(x, p) is negative on the boundary of the safe set (h(x) = 0), the
controller that satisfies Eq. (7) (L¢h(x) 4+ Lgh(x)u > 0) may fail to guar-
antee that fl(x) remains nonnegative, implying that the system (10) will
leave the safe set.

2.3. Problem Formulation

Let py(t) = [xa(t),ya(t),2a(t)]" denote the desired trajectory. The
trajectory tracking error of the UAV is defined as e = p — p; =

[e,(,ey7 ez]T. Consider a scenario with M obstacles in the environment,

which may be either static or dynamic. Let the position of the j-th
obstacle at time ¢ be denoted by p;(t) € R3, and its geometry charac-
terized by a radius r; > 0. The control objective of this study is to design
a safety-critical trajectory tracking controller for a fixed-wing UAV
subject to unknown disturbances and prescribed performance re-
quirements, such that the following goals are achieved:

1. Design performance functions p;,(t) and p;;(t) for the tracking
error e;,i = X,y,z to establish a quantitative relationship between
control performance (both transient and steady-state) and perfor-
mance requirements, such as overshoot, steady-state accuracy, and
convergence time. These functions should also ensure that the initial
error  ¢;(0) naturally  satisfies  the constraint, ie.,
pi1(0) < €i(0) < p;(0).

2. Develop a prescribed performance trajectory tracking controller
uy to ensure that the tracking error e;,i = x,y, z remains within the
boundaries defined by the performance functions, i.e., {e]p;(t) <
ei(t) < piu(0)}-

3. Construct CBFs based on a PTDO, and modify the nominal control
input ug into a safety-critical control input u; via QP, ensuring that
the UAV trajectory always satisfies the obstacle avoidance con-
straints:

Ip@®)-p®) Iz +75j=1,...M

where r; > 0 denotes the minimum safe distance required for obstacle
avoidance.
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4. Design nonnegative adaptive adjustment signals ﬂﬁﬁu(t) and 2 (t)
for the tracking error e;,i = x,y, z such that: when u; # uy, the per-

pu(t) = A(0) < e(t) <

piu(t) + Ail_u(t)}, and when u; = uy, the signals 4} ,(t) and 4 ;(¢)

formance boundaries are relaxed, i.e., {ei

exponentially decay to zero, thereby recovering the original perfor-
mance constraints.

The following assumption is made in this paper.

Assumption 1. The desired trajectory py,(t) is twice continuously
differentiable and bounded.

Remark 1. Assumption 1 is widely adopted in trajectory tracking
control strategies for various practical systems [9,22,35], and is natu-
rally satisfied by many trajectory planners, such as B-splines and
minimum-snap, which typically generate trajectories with second-order
or higher continuity.

Fig. 2 illustrates the overall framework of the proposed control
scheme.

2.4. Mathematical Lemmas

Lemma 2. [50] For a Metzler matrix W € R™™ (i.e., a matrix with
nonnegative off-diagonal elements) and a vector q(t) € RT,,Vt > 0, the
system p(t) = Wp(t) + q(t) admits a unique solution p(t) for any initial
condition p(0) € R™. Moreover, if p(0) € RT,, then the solution satisfies
p(t) >0 forallt > 0.

Lemma 3. [51] Consider a nonlinear system x = f(x(t)). If there exists
a radially unbounded Lyapunov function V(x) such that:

i < (w%(x) . v1+5<x)>

where T, >0 and 0 <y <1, then the equilibrium of the system is
predefined-time stable with the predefined-time T,.

Lemma 4. [52] For x; >0,i=1,...,n and y > 0, the following in-
equalities hold:

n n v
D x> (in> JfO0<y<1
i=1 i=1
n n 4
x{2n17<2xi> Jify>1
i=1

i=1

3. Design of Performance Functions and Adaptive Adjustment
Signals

In order to satisfy the prescribed performance requirements, such as
overshoot, steady-state accuracy, and convergence time, while ensuring
system flexibility under safety constraints, this section presents the
design of polynomial performance functions together with adaptive
adjustment signals.

3.1. Polynomial performance functions

For the tracking error e;(t),i = x,y,z, the following PPFs p, ,(t) and
pi;(t) are defined to specify its upper and lower boundaries, respectively:
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Fig. 2. Overall framework of the proposed control scheme. The potentially unsafe PPC-based controller is enhanced with a PTDO and CBFs to ensure that the UAV

maintains a safe distance from obstacles at all times.

4 .
71‘ . 71. -t 70 S t t
piu(t) = {a‘o + 21:1 (aJ ) < tis 2

Nipr £ 2 tig

4 .
Qo+ Zj:1 (Qijﬁ)70 <t<ty

Mgt 2 tig

pult) = a3

where t;; denotes the desired convergence time, and 7;; > O represents
the maximum allowable steady-state magnitude of e;(t). The design
parameters @;; and g;;, j € {0,1,2,3,4} can be determined by solving the
following equations:

_ 4 7
Piu (tzf) = Qio + i1 (ai-jl’;‘f) = Nif 14
Piu(tif) = Ty + 2oty + 3qisty + 4qiatly = 0
plu(tif) = 2ﬁi_2 + 6ai>3ti\f + 1261'4tlzf =0
pu(0) = a0 =€(0) —n,,
pll(o) = (—ll,l =0

4 )

pultis) = g0 + Zj:1 (gi.jt;‘f) = —MNis (15)

Pultis) = @1 + 20,5t + 3Qi,3§'2f + 4Qi.4ti3.f =0
P (tif) = 2a;, + 6a; 5tis + 122i.4ti2f =0

where7;o > 0andy, , > 0 are parameters associated with the overshoot.

Therefore, by appropriately designing the PPFs p;,(t) and p;,(t), i = x,y,
z, a quantitative relationship can be established between control per-
formance and performance requirements. Moreover, the influence of the
initial tracking error e;(0) is explicitly considered in the design of the
performance functions, which ensures that the initial condition p;;(0) <
¢;(0) < p;,(0) is naturally satisfied.

Remark 2. The coefficients of the PPFs can be explicitly related to the
prescribed performance requirements. Once these requirements are
determined, the corresponding performance functions can be system-
atically designed. The proposed PPFs are intuitively shown in Fig. 3,
from which it is evident that both the convergence time and the steady-
state tracking error can be quantitatively specified. Additionally, the
overshoot of e(t) is approximately zero. Note that at t = 0, p; ,(0) =0
and p;;(0) = 0, which ensures the smoothness of the controller output
during the initial phase. Furthermore, the performance functions p; ,(t)
and p;(t) are twice continuously differentiable over time, which is
sufficient to support the subsequent controller design. However, in ap-
plications that require higher-order continuity (e.g., C",n > 2), a higher-
order polynomial performance function can be adopted as follows:

2 .
oot Zj":l (gf),0<t<t
Nt >t

where the coefficients a;,j = 0,1, ...,n + 2 are determined by algebraic
conditions similar to those in Eqs. (14) and (15).

3.2. Adaptive Adjustment Signals

To avoid the singularity problem of PPC arising from enforcing
obstacle avoidance safety, the nonnegative adaptive adjustment signals

Ailvu(t) and ﬂﬁgl(t) are introduced for the tracking error e;(t),i = x,y, 2,
aiming to dynamically modify the performance boundaries. The
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e(0) >0
e . - == p(t)
(0) +m \‘\ . puld)
e(0)N\ —e(t)

The overshoot is

\)

\

\
\ approximately zero
\)

\

Convergence time ¢ Time (s)
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The overshoot is
approximately zero

e(0) — n,

Convergence time ¢

Time (s)

Fig. 3. Illustration of the proposed polynomial performance functions.

adjusted performance boundaries are defined as E;,(t) = p;,(£) + 4} ,(t)

and E;; = p;(t) — iu(t). The tracking error e;(t) is required to evolve
strictly within these boundaries:
Ei.l(t) < ei(t) < Ei.u(t) (16)

To facilitate the controller design process, the constrained system
(16) is transformed into an equivalent unconstrained form. To this end, a
transformed error ¢(t) is defined as follows:

- ei(t) — Ei‘ (t)
&(t) = In (Ew(r) - é(r)) a7

Let p,,p;, A1, A1, B, By, € be the stack vector of p; 01,4 1,45 1, i, B €6,
respectively. Under the constraint (16) and the transformation (17), the
following diagonal matrices are defined: @ = de /de, w, = de /OE,, w; =
oOe /0E,, all of which are invertible. The adaptive adjustment signals A1 ,
and A, are generated by the following auxiliary system:

dy = 0 '0(— M, +A24),M4(0) =0
Azu = ~Mahzy + Az, A24(0) = 0

dg= —o; '@ (= MiAy + A21),A14(0) =0
Azg = —MaAyg + 437, 421(0) = 0

18

where 13; =max(H,0), A3, = 43; — Hwith H =&(ug — u;); M; and My
are diagonal positive definite matrices.

The adaptive adjustment signals A, , and 4,; are directly related to
the input error (ug — uy), which is defined as the difference between the
safe control input us and the nominal control input u4. These signals are
incorporated into the performance functions p, and p; to guarantee the
reliable operation of PPC, even under strict safety requirements. The
proposed auxiliary system possesses the following property.

Theorem 1. Consider the fixed-wing UAV (3), the auxiliary system
(18), and the transformed error defined in (17). Suppose there exists a
constant vector b € R%, such that the inequality [H| < b holds, and the
tracking error e satisfies the condition E;(t) < e(t) < Ey(t), then 0 < 4;,,

A <I7(M71)bj = 1,2.
Proof. Since A5,(0), A21(0), A3, (t) and A3,(t) are all nonnegative, and

the matrix —M; is a diagonal (Metzler) matrix, it follows from Lemma 2
that A5, 42 > 0.With the inequality [H| < b, it can obtain that A3, <b

= [Ex.,By,EZ]T. Let Agy, = [ 5 B /1;”], then for each i = x,y, z, the

dynamics of 1}, satisfies /'11-2?“ < — Maidh, + by, where My; is diagonal

element of M,. Therefore, when )Iiz_u <0, one has %, > b; /M, which
implies 0 < A2, < M;'b. Similarly, one can obtain 0 < 45, < M;'b.
When the tracking error e satisfies E;(t) < e(t) < Ey(t), both —w, '@
and 7(0[10) are diagonal positive definite matrices. Since 41 4(0), 11 1(0),
A2u(t) and A2;(t) remain nonnegative, and the matrix —M,; is diagonal
(Metzler), Lemma 2 again implies that A1 ;,4;; > 0. For eachi = x,y, 2,

the dynamics of liljufollows /'11‘1# < — ﬂ( — M1,ili1‘u + b; /Mz_i), where

Wy i
®; >0, w,; <0 and M;; are diagonal elements of w, w, and M,
respectively. Thus, when 4} , > b; /(My;Mz;), it can be concluded that

A <0, implying 0 < A,,, < M;'M;'b. Likewise, one can derive that
0 < A1y < M;'M;'b. This completes the proof of Theorem 1.

Remark 3. According to Theorem 1, by leveraging positive system
theory (Lemma 2), it is guaranteed that the states of the auxiliary system
remain nonnegative. Consequently, the adaptive adjustment signals 4, ,
and A;; serve solely to relax the performance boundaries. Specifically,
the auxiliary system establishes a feedback mechanism from the safety
constraints to the performance constraints. The signals A3, and i3; are
dynamically updated based on the input error (ug — uy), which deter-
mine the unreachable increasing and decreasing rates for the UAV state
v. From (18), adaptive adjustment signals A; , and A;; are obtained by
gradual integration, thereby quantifying the performance degradation
induced by the need to satisfy safety constraints. When the UAV per-
forms obstacle avoidance, these nonnegative signals adjust dynamically,
resulting in a temporary relaxation of the performance boundaries. In
contrast, when obstacle avoidance is not required, A3, = 0 and 13; =0,
along with the damping terms —M;jA;,, and — M;4;;,j = 1,2, ensure that
A1 4 and A4 ; converge to zero exponentially. This implies that the relaxed

e(0) + o, e 210)
\ ————-- pult)
\ e(t)
e(0) \

\ UAV obstacle )
e(0) —ny~ \ Performance
boundary

relaxation

avoidance Performance

requirement

recovery

I Time (s)

Fig. 4. The adjustment process of the performance boundary.
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boundaries recover to the prescribed performance requirements. Fig. 4
illustrates the adjustment process of the performance boundary.

4. Prescribed performance trajectory tracking control

In this section, a PTDO is designed to accurately estimate the lumped
disturbances in the UAV flight. Then, a prescribed performance trajec-
tory tracking controller is developed to ensure that the tracking errors
remain strictly within the performance boundaries.

4.1. Predefined-time disturbance observer

Inspired by the design concept of the fixed-time disturbance observer
in [52], an auxiliary variable is defined as

R
§=uta+tpfe a9

where e; =v—§ and g > 0 is a constant. Then, the PTDO is developed
as follows:

d = gé, +éq (20)

where d = [Hx,ay,azf denotes the estimation of the lumped distur-
bance d, and €, is the state estimation of ey, which is given by

€4 = &g+ kysig! (&) + kasig! 7 (&) 21

where €; =eq — €4 is the state estimation error, 0 <y <1, k; =

)
3 g()
L (l) , ko =13 and T, > 0 is a predefined convergence

7Te 7Te
time.

Lemma 5. For the fixed-wing UAV (3), under the PTDO (19)-(21), the

disturbance estimation error d =d — d converges to zero within the
predefined time T,.

Proof. According to Eq. (21), the dynamics of the state estimation
error €4 can be written as:

€4 = —k;sigh 7 (&4) — kasig! (&) (22)

To analyze the convergence of €;, consider the Lyapunov function

V.(&;) = L&}€,. From Lemma 4, its time derivative is given by
Ve(€q) = —ki€ysig! 7 (€5) — ko8ysig'* (€4)

3 |~ 127 3~ 24y
<~k Zj:l |ed'j{ a kzzj':1 ed-j{

r 1L g7 14k
< —k2'72V, 2 — k372212, 2

x [ 1L 14d
< —F(Ve Ve ?

(23)

From Lemma 3 and Eq. (23), it follows that €4(t) = 0 for all t > T..
Furthermore, by combining Egs. (3), (19), and (20), the disturbance

estimation error d can be expressed as:
d=d-pe,—v+&=pe 24

Therefore, it can be concluded that a(t) = 0 for t > T,. This completes
the proof of Lemma 5.

4.2. Design of a Prescribed Performance Controller

The boundedness of the transformed error €(t) is equivalent to the
tracking error e(t) satisfying the prescribed performance constraint (16).
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Therefore, the control objective is reformulated as the design of a
controller that guarantees the boundedness of &(t).

Stepl. The derivative of g(t) is calculated as
& = wé + w.E, + 0F ) ) (25)
=0 — Pg) +0u(py + 1) +@1(p — A1)
Substituting Eq. (18) into Eq. (25) yields:
&= {,U(V — pd + 121 — A,z,u) + wuﬁu (26)

+wp; + oM, (lll,u - /11,1)

Define the first Lyapunov function as Vi(g) = 2¢"¢, and take its
derivative:

Vi =" (V — Py + A2 — llz,u)

X : 27
+e" (@up, + o) + €' OM1 (A y — A1g) @7

Let z; (t) = v(t) — v4(t) be the intermediate error, where vy is a virtual
velocity command defined by:

Vg =lou— Ay +X (28)
whereX =p;+ 071 (— g1& —wuwp, — 01p) — M1 (Ary — A1), and g >0
is a control gain. Substituting Eq. (28) into Eq. (27) gives:

Vi =€e'wz, — gi1€7e (29)

Step 2. Compute the time derivative of z; (t):

. R L
7 :Eus+a+d712,u+zsz

R ) (30)
= +a+d+ M (dow —A21) + 431 — Azu — X

By applying A3; — Asy = B(ugq — uy), the dynamics of z; in Eq. (30)
can be expressed as:

R -~
Z, :au(j+a+d+M2(12_u7},2.l) -X (31

Define the second Lyapunov function as V, = %z{zl + Vi, and compute
its derivative:

Vy =12} (%ud +a+d-— X) + 21 My (Ao — A2y) + Vi (32)
The prescribed performance controller u, is designed as:

Uy = —mR 7 (g21 +we+a+d—X+M(Ayy — A1) (33)

where g, > 1 is a control gain. Substituting Eq. (33) into Eq. (32) yields:

Vo=V, — g2z, — zlwe + zIa 34)

Theorem 2. For the fixed-wing UAV (3), under Assumptions 1, if
the PPFs (12) and (13), the auxiliary system (18), the PTDO (19)-(21),
and the prescribed performance controller (33) are adopted, then the
closed-loop system is uniformly bounded, and the performance
constraint in Eq. (16) is satisfied.

Proof: Substituting Eq. (29) into Eq. (34) gives:
Vo= —gi€7e — go27z, + 27d
< —geTe — (gz — %) zlz, + %&T& (35)
< -t w

~T~
where 9 = min{gl 82— %}, and w = 1d d. According to Lemma 5, w is



C. Yan et al.

bounded. Let A = {V;|V; < w /9} be a compact set. It can be concluded
that if Vo ¢ A, then V, < 0 holds. Therefore, V- is bounded and ulti-
mately converges to the set A, which implies that the closed-loop system
is uniformly bounded. Furthermore, since the transformed error &(t) is
bounded, the performance constraint in Eq. (16) is satisfied. This com-
pletes the proof of Theorem 2.

Remark 4. Consider the scenario without obstacle avoidance, i.e., us; =
ug, then A3, (t) = 0 and A3;(t) = O for all t > 0. According to Eq. (18), it
can be derived that 4, ,(t) = 0 and A,,(t) = 0. Therefore, the perfor-
mance boundaries E,(t) and E;(t) recover to the corresponding PPFs
p.(t) and p;(t), respectively. This implies that, in the absence of obstacle
avoidance constraints, the prescribed performance requirements fully
determine the constraint in Eq. (16). Consequently, controller (33) also
ensures that the tracking error satisfies the PPFs, that is: {e(t)|p;(t) < e(t)

<pu(0)}-
5. Safety-Critical Trajectory Tracking Control

This section proposes a robust CBF design method based on the PTDO
to ensure obstacle avoidance for UAVs. Furthermore, by embedding the
CBF constraints into a QP framework, the PPC-based controller is
modified in real time, which results in a safety-critical trajectory
tracking controller.

5.1. PTDO-based safety with CBFs

For the UAV p(t) and obstacle p;(t),j = 1,...,M, define the following
function:

;) =11 8;(t) | = (1 +77) (36)

where 9;(t) = p(t) — p;(t) denotes the relative position vector between
the UAV and the obstacle. The corresponding safe set can be defined as S;
= {p € R*: p; > 0}. According to Definition 1, if the set N, S; is for-
ward invariant with respect to the UAV system (3), then collision
avoidance is guaranteed.

Since the control input of UAV (3) has a relative degree of 2 with
respect to the function pj, a high-order CBF is employed. By defining hy
= pj+c1p; with ¢; > 0, the O-superlevel set C; = {p € R® : h; > 0} is
constructed. In this formulation, the relative degree of h; is 1, which
makes the design of CBF-based constraints feasible. However, due to the
presence of unknown disturbances in Eq. (3), the strong model depen-
dence of CBF prevents the direct use of the constraint lij(x) > —a(hi(x))
for constructing a valid safety controller.

To mitigate the impact of unknown disturbances, a CBF design
method based on the PTDO is proposed. Lemma 5 indicates that the

disturbance estimation error d is bounded, as characterized by the

~T~
Lyapunov function V4 = %d d. Based on this property, the CBF h; is
modified to provide robustness against the disturbance estimation error
d

h]d = hj — Csz (37)

where ¢y > 0, then define the following new set:

¢ ={per:H >0} (38)

From V; > 0, it follows that C]’f C C;. Therefore, if C]‘.i is forward invariant
with respect to the UAV system (3), then C; is also forward invariant.

Theorem 3. Consider the fixed-wing UAV system (3), the PTDO (18)-

(20), and the composite controller u = u— mR-1d. If @ satisfies the
following condition
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TR T
n; Ru yTenymy

+Q

— > .
m 4comr — 2yTecocs — C3h’ (39

where ¢3 >0, 27— yT.c3 > 0,n; = 6; /|| 6|, and Q; = an a— P+
. 2\ 2 .

I 812 /1 8 - (6}@-) 1811+ cinfg;, then the set S; is forward

invariant with respect to UAV system (3), implying that the UAV can

achieve collision avoidance.

Proof. Taking the derivative of i and substituting u = @ — mR™" d
yields:

.d . . .

hj =p;j+cp;— 2V

ot (R mR @) catd

=n R(ufm ) +a+d—p
) 52 (40)
157 (974)

ol ) s°

+ cln}.Tsz — V4

anRﬁ s .
- +Qj+njd7c2vd
m

From Egs. (23) and (24), it follows that
- T 1L 4L
Vas — | PV 2457V 2 (41)

Substituting Eq. (41) into Eq. (40) yields

.4« n'Ru

~ 7c 1-% 145
h; > — 1@ +and+7_Tj (ﬂ?Vd 2 +ﬂVVd+2)

m

anRﬁ T
+Q +n;d+
m
anRﬁ .
= +Q +n;d+
m

2
JTCo Vd (42)
rTe

Cy~T~  CaC3
Tq'd - 8%,
yT. 2

dd+ %&TH

gy (T2 aa){Tg
n‘d+<ch 2)dd

T
yTen; m;

T T4cor — 2yTococs (43)

{xy.2z}
C CoC3~
(L
k

T
ek
]/TC 2 \/4C2ﬂ? — ZYTCCZCg

\/— > 2
it follows that:

T
yTenjm;

. n'Ru ~T~
K> +92%4'q (44)

tQ- dcom — 2yTocac; | 2

= m
Substituting Eq. (39) into Eq. (44) leads to:
€23

2

From Eq. (45) and Definition 2, it can be concluded that hj’.i is a CBF
for system (3) on the set de Therefore, by Lemma 1, if the initial state
satisfies h]‘?(O) > 0, then h}i(t) > Oforallt > 0. Since C}‘-’ C G;, italso holds
that h;(t) > 0 for all t > 0, implying that p;(t) + c1p;(t) > 0 for all t > 0.
Hence, it follows that p;(t) > p;(0)exp(— cit). When p;(0) € Sj, it holds
that pj(t) > 0 for all t > 0. In conclusion, the set S; is forward invariant

with respect to the UAV system (3). Thus, as long as the inequality
constraint (39) is satisfied, the UAV achieves collision avoidance. This

.d ~T~
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completes the proof of Theorem 3.

Remark 5. In Theorem 3, suppose that h{(0) > 0, where hf = hj —c,Vy

and Vy = %&T& Initially, the estimation error dis relatively large, which
results in conservatism of the proposed control scheme. However, as
time approaches T, the estimation error aconverges to zero, and the
influence of disturbances on safety vanishes, thereby reducing the
conservatism of the proposed method. Moreover, the condition 27z —
yT.c3 > 0 implies that the disturbance observer dynamics characterized
by % must converge faster than the exponential rate c3 associated with
the CBF constraint.

Remark 6. In [45-47], safety control methods based on disturbance
observers are considered, where the CBF constraints depend on the
upper bound of the disturbance estimation error d. The method in [48]
guarantees Cj‘? = C; only asymptotically as time tends to infinity, which
is unsuitable for tasks requiring fast response, such as dynamic obstacle
avoidance. In contrast, the safety condition (39) proposed in this paper
does not explicitly depend on the estimation error d, thereby providing
greater design flexibility. Moreover, benefiting from the PTDO, when
t > T,, it holds that de = C;j, which eliminates the effect of disturbances
on system safety within the predefined time.

5.2. Safety-Critical Controller

By integrating the PPC-based controller (33) with the collision
avoidance condition (39) within a QP framework, the controller (33) is
preserved when the collision avoidance condition is satisfied; otherwise,
it is modified minimally, as detailed below:

U =argmin ||U—uy — mR'd I
ucR"
(46)

To—=

n/Ru yT.n'n;
s.t. }m > —C3hj — Qj + kaw ac

— 0 Jj=1,....M
4C27Z — ZJ/TCC2C3/

where uy is defined in Eq. (33). Then, the safe control input for the UAV
is given by:

u, =u —mR'd (47)

In this paper, the collision-free conditions are treated as hard con-
straints, whereas the prescribed performance requirements are regarded
as soft constraints. By formulating the QP problem (46), a trade-off
between safety and performance is achieved. When obstacle avoidance
is not required, the safe control input u, coincides with the nominal
control input uy, thus ensuring the prescribed performance re-
quirements are fully satisfied. Conversely, when the obstacle avoidance
mechanism is activated, only minimal modification is applied to uy. To
quantify the impact of obstacle avoidance on system performance,
nonnegative adaptive adjustment signals 4, , and A,, are introduced to
dynamically adjust the performance boundaries. Consequently, the
system is able to maximally approximate the original performance re-
quirements while guaranteeing safety.

Remark 7. If the input saturation constraints of the UAV are further
considered, i.e., Upin < U < Uy, this physical limitation can be incor-
porated into the optimization problem, leading to the following
extended formulation:

T = argmin || @ —us — mR d ||

s‘t.anRﬁ > —csh - Q +L’Tm.j =1,...M

m 4com — 2yTeCocs’ ’ (48)
u Z Upin + mRild
U < Wy + mRild
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By solving the above optimization problem (48), the safe control
input us not only satisfies the collision avoidance conditions but also
strictly adheres to the input saturation constraints. Moreover, since the
input to the auxiliary system (18) is defined as the deviation between the
nominal and safe control input, the nonnegative adaptive adjustment
signals 4, , and 4, ; can quantify the performance degradation caused by
obstacle avoidance and input saturation. Despite the incorporation of
this additional constraint, the proposed control scheme maintains stable
system operation.

6. Simulation Results

This section validates the effectiveness of the proposed control
scheme and the correctness of the theoretical analysis through numeri-
cal simulations. In the simulation, a fixed-wing UAV is tasked with
tracking the following desired trajectory:

p4(t) = [100cos(0.2t), 100sin(0.2t), 2] "m

The flight environment is assumed to contain M = 2 spherical ob-
stacles: one static obstacle fixed at:

p; = [100cos(8), 100sin(8), 80]"'m

and one dynamic obstacle whose motion trajectory is defined as:

100cos(4)
100sin(4) | +
40

100(cos(12) — cos(4))
100(sin(12) — sin(4)) | m.
80

t—20
40

p.(t) =

Both obstacles are modeled as spheres with a radius of r; =10m,j =1,2.
Therefore, the UAV must execute effective obstacle avoidance maneu-
vers in the vicinity of p; and p,(t) to ensure flight safety.

The UAV mass is set to m = 5kg, and the minimum safe distance for
obstacle avoidance is specified as r; = 10m. By considering engineering
practice, the lower and upper bounds of the control input u are denoted
by Umax = [200,150,100]"N and um, = [20,-150,—100]"N, respec-
tively.

To evaluate the robustness of the proposed control method and
demonstrate the effectiveness of the PTDO, a set of unknown distur-
bances is introduced into the UAV system during the simulation. These
disturbances are specified as follows: dy = 4sin(0.1t), d, = 3sin(0.1t) —
co0s(0.3t), d, = — 5cos(— 0.5t), dy = 2cos(0.1t), dy = 0.8cos(0.2t),
d, = 0.5sin(0.1t).

The user-specified convergence time for the tracking error e;(t),i = x,
y,% is set to 10s, and the steady-state error tolerance is set to 0.1m.
Accordingly, the parameters of the PPFs (12) and (13) are selected as
tiy = 10andn;; = 0.1.Inaddition, suitable parameters 7o = Ng= 2are

chosen to compress the error evolution space, thereby ensuring a small
overshoot. The parameters of the auxiliary system (18) are chosen as
M; = 0.8I3 and My = 0.8I3. The PTDO parameters are selected as y =
0.3 and T, = 2, while the parameters of the prescribed performance
trajectory tracking controller are specified as g =4 and g2 = 5. The
corresponding CBF parameters are chosenasc; = 1,¢c; =0.1 and ¢z =
1. It is verified that the selected parameters satisfy the condition: 2z —
}/TCC(; > 0.

To verify the effectiveness of the proposed control scheme under
different initial tracking errors, three cases with distinct initial positions
are considered: Case 1: p(0) = [50,10,0]"m; Case 2: p(0) =
[30,-20, —15"m; Case 3: p(0) = [120,30,10]"m. The actual flight
trajectories of the UAV for these cases are illustrated in Fig. 5. As shown
in the figure, under all initial positions, the UAV successfully avoids both
static and dynamic obstacles in the environment and accomplishes the
desired trajectory tracking task. It is worth noting that, since the initial
tracking error is explicitly considered in the design of the performance
function, manual tuning of the design parameters is unnecessary, even
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==== Trajectory of obstacle 2 Obstacle 2
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-150 X (m)

Fig. 5. Trajectory tracking results under different initial conditions.

when the initial position of the UAV changes.

Taking Case 3 as an example, Figs. 6, 7, 8, 9, 10 present the simu-
lation results of UAV trajectory tracking with obstacle avoidance. The
time evolution of the trajectory tracking error e;(t),i = x,y, z is depicted
in Fig. 6, while Fig. 7 shows the time responses of the adaptive adjust-
ment signals 4; , and 4; ;. When obstacle avoidance is not required, the
tracking error converges to a steady-state accuracy of 0.1m within the
user-specified convergence time of 10s, with only a small overshoot.
When obstacle avoidance is necessary, 41 , and A, ; relax the performance
boundaries, allowing for tolerable performance degradation induced by
obstacle avoidance. Once the avoidance maneuver is completed, the
adaptive adjustment signals converge to zero, thereby restoring the
original performance constraints.

Fig. 8 demonstrates the estimation performance of the PTDO. The
proposed PTDO can accurately estimate the total disturbance d within
the prescribed time T, = 2s. The safety-related variables p;, h; and hJ‘-l
with j = 1,2 are shown in Fig. 9. It can be observed that when t > T, h]‘?
= h;, indicating that the influence of disturbances on system safety is
completely eliminated. Moreover, p;(t) > 0 holds for all t > 0, demon-
strating that the UAV successfully avoids collisions throughout the
flight. Fig. 10 presents the actual control input u, of the UAV. The input
remains within the prescribed bounds, thereby confirming the

30
Time (s)

40

Fig. 6. Variation of tracking error with time in Case 3.

10

Aerospace Science and Technology 168 (2026) 111217

effectiveness of the proposed control scheme under input constraints.
Owing to the novelty of the integrated control scheme combining
PTDO, CBF, and PPC within a QP framework, directly comparable
methods are scarcely available in the literature. Therefore, compre-
hensive comparisons are conducted against the individual components
of the proposed framework to isolate and demonstrate the contribution
of each part. To demonstrate the performance advantages of the PTDO,
comparative simulations are conducted under identical initial condi-
tions and disturbances, benchmarked against the fixed-time disturbance
observers (FTDOs) in [9] and [52]. Fig. 11 illustrates the disturbance

estimation error || Hn over time for different observers. The results
confirm that, compared with FTDOs, the PTDO provides faster conver-
gence, improved estimation accuracy, and a predefined convergence
time.

Furthermore, for comparison, safety constraints are formulated using
the CBF from [32] and the RCBF from [44], respectively. The corre-
sponding controllers (49) and (50) are then generated via QP, as
formulated below:

u; = argmin|| u — ug ||
T
s.t—2

RU
- +Q > —csh,j=1,...M (49

Unpin < U < Upax

u; = argmin|| u — ug ||
—

anu _ )
—+Q—dlny | > —chyj=1,..M

Unin S u S Unax

s.t. (50)

where ug is defined in Eq. (33), and d satisfies || d || < d. The simulation
setup remains consistent with Case 3, and the results are presented in
Figs. 12-14. The results indicate that, under controller (49),
p1 < Ooccurs at approximately t = 41.5s, indicating that UAV safety
cannot be strictly guaranteed and that a collision may occur during
flight. This is primarily because the effect of disturbances is not
considered in the construction of the CBF. In contrast, when controller
(50) is applied, UAV safety is effectively maintained. However, since the
RCBF is designed based on the upper bound of the disturbance, the
resulting distance between the UAV and the obstacle significantly ex-
ceeds the required safety margin, leading to a considerable trajectory
tracking error. In comparison, the proposed CBF constructed using the
PTDO preserves tracking performance to the greatest extent possible
while ensuring flight safety.

7. Conclusions

Trajectory tracking for a fixed-wing UAV under performance con-
straints in environments with unknown disturbances and obstacles has
been investigated in this paper. A safe trajectory-tracking control
strategy under flexible performance constraints is proposed to preserve
tracking performance as much as possible while ensuring safety. Theo-
retical analysis and simulation results demonstrate that the proposed
method can strictly guarantee obstacle avoidance and accomplish the
tracking task even in the presence of external disturbances, thereby
achieving a favorable trade-off between safety and performance. How-
ever, two problems remain to be addressed. First, when the system is
subject to input saturation, the QP problem may become infeasible.
Second, current methods have only been tested in numerical simula-
tions, which limits the demonstration of their practical engineering
value. Therefore, future work will focus on ensuring the feasibility of QP
problems under input constraints and validating the effectiveness of the
proposed control scheme through hardware experiments.
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