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Abstract—This article proposes a multi-robot coverage control
algorithm under positioning uncertainty to achieve coverage of
specific areas in unknown environments. Using internal and
external optimization methods to reduce the impact of position-
ing uncertainty and complete coverage tasks. The outer layer
optimization uses momentum gradient descent to adjust the
control input, while the inner layer optimization is based on
extended Kalman filtering to dynamically update the robot state
and reduce position uncertainty. The simulation experiments in
this article demonstrate the effectiveness and robustness of this
method in multi-robot collaboration, providing a new solution
for robot deployment in unknown environments.

Index Terms—Coverage control, Positioning uncertainty,
Multi-robot systems

I. INTRODUCTION

In the past two decades, the application of mobile robots
in area coverage control has garnered significant attention.
Coverage control aims to optimally distribute a team of mobile
robots within a designated task environment, ensuring the
comprehensive sampling or monitoring of the entire area by
maximizing the collective sensing capability of the robotic
network. This technology finds its application across a broad
spectrum, including surveillance [1], military protection [2],
public safety [3], location services [4], and environmental sam-
pling [5]. As detailed in the comprehensive review papers [6],
[7], most typical algorithms of the coverage control problem
are grounded in computational geometry that leverage Voronoi
partitioning [8], [9], utilizing mobile robots equipped with
exact self-localization and isotropic sensors (or communication
ranges) to achieve static coverage tasks.
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In multi-robot coverage control, robot localization uncer-
tainty is an important issue. Localization uncertainty refers to
the inability of robots to accurately determine their position in
the environment, which can arise from factors such as sensor
noise, environmental complexity, and unreliability of commu-
nication. Many existing methods improve the robustness of
the system by introducing more complex algorithms when
dealing with positioning uncertainty [10]. However, this often
leads to a significant increase in computational complexity.
The paper [11] proposes a robust and scalable multi-robot
coverage method, which focuses on reducing the computa-
tional complexity of the system by optimizing the algorithm
structure and distributed coordination mechanism. Currently,
most research is conducted in idealized or structured environ-
ments, while real-world environments are typically dynamic
and unstructured, lacking effective adaptation mechanisms,
resulting in a significant decline in system performance in real-
world environments [12]. Traditional methods use probabilistic
models to handle uncertainty, but accurately quantifying and
managing these uncertainties remains a challenge.

In response to the above issues, this article proposes a multi-
robot coverage control framework that uses inner- and outer-
layer optimization methods to achieve robot coverage tasks
under localization uncertainty. The outer layer optimization
uses momentum gradient descent to adjust control inputs to
achieve coverage tasks, while the inner layer optimization uses
an EKF-slam method based on extended Kalman filtering to
dynamically update robot states and reduce positioning uncer-
tainty. Through a series of simulation experiments, this paper
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Fig. 1: The Guaranteed Voronoi diagram (left) and the Dual-
Guaranteed Voronoi diagram (right) are depicted below. The true
locations of the robots P = {p1,p2,p3} are indicated by the black
dots. The uncertainty regions are represented by the circular areas
D;.

validates the effectiveness of the proposed method in com-
plex unknown environments and demonstrates its significant
advantages in multi-robot coverage control under positioning
uncertainty.

II. PRELIMINARIES
A. Voronoi Tesselation

The Voronoi partitions are a geometric segmentation method
commonly used for region allocation in multi-robot coverage
tasks. We let R > 0 be the set of non-negative real numbers,
respectively, and ||-|| be the Euclidean distance. Let S be a
convex polygon in R? and let P = (py,...,p,) represent the
locations of n robots. A partition of S is a collection of n
polygons W = {Wy,..., W, } with disjoint interiors whose
union is S. The Voronoi tesselation V (P) = {V4,...,V,}
of S generated by the points P = (py,...,p,) is defined as
follows

Vi={q¢eSlllg—pil <llg—pill,Vi#i D

B. Guaranteed and Dual-guaranteed Voronoi Tesselation

In order to adapt to the uncertainty of a dynamic envi-
ronment and robot motion, we introduce guaranteed Voronoi
partitions under the uncertainty of robot positioning. Let
D; € S represent the uncertainty in the location of the ith
robot, i.e. p; € D;, and let D = D+, ..., Dy denote the set of
uncertainty regions for all robots. The ¢-th guaranteed Voronoi
cell gV;(D) is defined as

S S
Vi(D) = {a e S | magla—al < uin g -yl vi # 5}
)

Complementary to the concept of guaranteed Voronoi cell,
the ith dual-guaranteed Voronoi cell dgV;(D) is defined as

dgVi(D) = inllg— x| < —yll Vi #
Vi(D) = {a e S mip g~ < mag g~ | w;&g}
3

Fig. 1 shows examples of guaranteed Voronoi diagrams and
dual-guaranteed Voronoi diagrams. Specifically, with knowl-

edge of the guaranteed Voronoi cell gV;(D) and the dual-
guaranteed Voronoi cell dgV;(D), one can derive an approx-
imation of the centroid cy% with a quantifiable, bounded
error. This approximation takes advantage of the following
proposition from [13], Proposition 5.2.

Proposition 1: Let U, V, W be three sets such that U C
V' C W. Then, for any density function ¢, the following holds.

lev — cull < dm (W) (1 - mU) @)

mw
In short, Proposition 1 means that all variables except cy,
are known. In subsequent optimization, the centroid error is
used as part of the objective function to minimize the centroid
error.

III. PROBLEM FORMULATION

We consider the multi-robot system composed of n robots
moving in a 2-D plane S. Denote p; the position of i-th
robot. The coverage control for the multi-robot system aims to
enable robots to move in space to cover the target area. The
goal of coverage is usually quantified by defining coverage
performance indicators. The common solution is to minimize
the position cost function # in the following form

HEW) =3 [ rla-pho@a  ©

f (llg = pi]|) is the performance function between the position
q and the robot distribution, and ¢ (¢) is the weight distribution
function of the target area. By dynamically adjusting the
position of the robot, the coverage performance indicator
‘H (P,W) is minimized to achieve optimal coverage of the
target area.

In the presence of uncertainty, the motion model of i-th
robot is the conventional state transition model with additive
Gaussian noise.

it = fi [pF ul, w] (6)

where w; ~ N(0,R,) with R, representing the noise
covariance matrices of the process. We can represent it as a
probability term P(pf T [pF, uk).

In addition, the observation model is

Z?ﬁj :h’(prjvvi) (7)

where v; ~ N(0,R,), and R, represent the measurement
noise covariance matrices. /; is the location of the landmark.

In the multi-robot system described in this article, we
consider a general objective function involving coverage cost
and localization uncertainty cost

n
J=cu (P,W)+ Y e (pf) ©)
i=1
e (P.W) = H(PW) = 1L fiy, lla = pill* 6 () da is the
cost of location coverage and cr, (p§) is the uncertainty of
location cost of the robot.
We design to minimize this objective function, reducing er-
rors caused by robots position uncertainty during the coverage
process. Thus achieving optimal coverage effect.
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IV. METHODOLOGY

In this work, we will demonstrate how to incorporate
guaranteed Voronoi partition and belief space planning into
multi-robot coverage control tasks, significantly improving
estimation accuracy and reducing the impact of localization
uncertainty. Our method extends existing coverage task tech-
niques and achieves high-precision multi-robot area coverage
without absolute information sources that cause positioning
uncertainty, such as reliable GPS, beacons, and known land-
marks.

A. Self-localization under uncertainty

In the case of GNSS-constrained coverage tasks, the first
thing we need to solve is the problem of robot self-localization.
Here, we use the Extended Kalman Filter (EKF) method to
estimate the robot’s state. In EKF slam, the first step is to
update the state of each robot at each time step k. This includes
using current control inputs uy to predict the state of the next
time step

Pk = f(Prjk—1, Ukjk—1) )

Then, update the covariance matrix M} of the robot, which
reflects the uncertainty of the state

My, = Fk\k71Mk|k71F;;r\k71 + Gk|k71QG-]§r\k71 (10)

among them, Fj,_; and Gj_; are the jacobian matrices of
state and control. () and R are the covariance matrices of
process noise and observation noise, respectively. If new land-
marks is observed during the robot’s movement, the Kalman
filter is used to update the state and covariance matrix. Update
steps

2 = h (Prjk—1) + vk (11)

Sk = HyMy,_H} + R (12)

Ky = My H{ Sp» (13)

klk—1

Pk = Prjk—1 + Ki(zx — b (Prjp—1) (14)

My, = (I — KpHy) Myp—1 (15)

Finally, the updated robot state and covariance matrix were
obtained by using the EKF method. Among them, Hj, is the
Jacobian matrix of the observation model, and z; is the
observation vector.

B. Guaranteed Voronoi partition

Our task is to perform coverage control while considering
positioning uncertainty, where the robot coverage area W;
is no longer deterministic. According to equation (5), the
coverage optimization objective for a guaranteed Voronoi
partition can be expressed as

HO)=X [ Ello-plPo@d as

As demonstrated in the paper [8], the (not necessarily unique)
local minimum points of the locational optimization function
H (P,gV (P)) are the centroids of their Voronoi cells

cqv, = argminH (P, gV (P))
pi

Although we have effectively reduced the impact of local-
ization uncertainty through the use of a guaranteed Voronoi
partition, we must also address the centroid error ||cy — cqv/|.
After considering the centroid error, the objective function
transforms as follows

A7)
+llev —covll

The robot moves towards the guaranteed Voronoi partition
in each iteration, which reduces the value of the optimization
function. As noted in reference [8], the coverage cost function
exhibits a monotonically decreasing behavior. In optimization
algorithms such as filtering, after multiple iterations and
updates, the covariance matrix stabilizes, and the uncertainty
error tends towards a constant value.

By further combining Proposition 1, the upper bound of the
objective function can be obtained as

J—E [H(b(X) + Cuncert (b(X))]

\%4 18
S dcentroid : (]- - T > ( )
mdgV

This we conclude that the objective function is bounded.
Finally, as the robot approaches the centroid of the guaranteed
Voronoi cell, the objective function converges, minimizing
both the coverage cost and the centroid error, leading to an
optimal and stable configuration.

V. SIMULATION AND RESULTS

The algorithm has been validated through simulations in-
volving ground-based motion robots and implemented using
MATLAB. The simulation environment is a two-dimensional
plane, typically modeled as a rectangular region, with multiple
landmarks strategically placed across the plane for robots to
observe during movement. In the experiment, the robots are
randomly distributed across the plane. The density function
used for this coverage task is a two-dimensional Gaussian
distribution, which represents varying coverage requirements
across different locations. Higher-density regions indicate a
need for more intensive coverage, while lower-density areas
indicate lower coverage needs.

Compared with other algorithms [8], using the same Gaus-
sian density function with consistent parameters yields a better
monotonic convergence of the cost function, as shown in
Fig. 2.

The coverage task function is H (P), therefore, it is an
evaluation metric for the overall coverage effect. If it converges
and stabilizes through iteration, it indicates that the robot has
completed the coverage of the area. When using the Gaussian
distribution density function, the coverage cost function is
shown in Fig. 3.
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6.5 Internal And External Optimization Algorithm
) — — — Classic Coverage Algorithm
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Fig. 2: The experiment shows that compared with other algorithms,
this algorithm can converge faster and the final value is smaller for
the coverage cost function.
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The path of the robots during the coverage task is shown in
Fig. 4. The observation of landmarks during robots’ movement
can effectively reduce positional uncertainty.
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Fig. 4: The diagram shows the path of the robots during the coverage
task.

VI. CONCLUSION

This article proposes a new method for optimizing multi-
robot coverage control under positioning uncertainty. Our
method effectively divides the target area into conservative
Voronoi regions, allowing each robot to focus on covering
its designated area. Robots iteratively adjust their positions to
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optimize coverage. Optimizing the internal and external layer
methods enables each robot to manage positioning uncertainty
during motion and achieve coverage tasks. The proposed
method has been tested in various scenarios, including using
different numbers of robots, covering different distribution
density functions in different areas, and comparing with other
methods. The experimental results show that our method can
effectively perform multi-robot coverage control under posi-
tioning uncertainty. Specifically, the dual-layer optimization
framework enables robots to minimize positioning uncertainty
and reduce overall coverage costs, demonstrating its effective-
ness in unknown and complex environments.
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