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A B S T R A C T

This paper investigates the finite-time estimation of the time-varying Geometrical Center of
Targets (GCT) in Multi-Target Enclosing Control Problem (MTECP). Existing estimators exhibit
a chattering phenomenon that is harmful to the mechanical components of the deployed robots
when forming the enclosing formation. We thereby propose two chattering-free finite-time
estimators, employing a fully distributed approach demanding only the local observation and
neighboring communication. The first fractional-order estimator is formulated by replacing
the discontinuous term in the existing finite-time estimator by a fractional-order term, which
remains smooth when the consensus error approaches zero. Theoretical results show that the
estimation error can be stabilized into a bounded region adjustable by tuning the parameters.
Then, another novel estimator with double integral architecture is designed to further eliminate
the bounded estimation error in the first-order estimator i.e. can achieve exact tracking of the
GCT in finite-time. Its continuity of estimation arises from the integration of a discontinuous
unit-vector term and three more internal states are introduced to realize the double integral
architecture. Finally, simulation and comparison results validate the correctness and smoothness
of the proposed estimators.

1. Introduction

The concept of enclosing formation has gained significant traction in natural swarms, particularly for its potential advantages
in predation and protection, as evidenced in the works [1,2]. This heightened interest has spurred increased attention toward
surrounding and enclosing control problems in recent years, typically, aimed at achieving a formation for a group of followers,
enabling them to revolve around a common point while maintaining a predefined spacing pattern. The primary goal is to ensure
that the formation can contain single or multiple targets at all times.

Most enclosing works concentrated on the single-target case due to its potential applications of attacking, entrapping, or
protecting target objects. Results on the single-static-target enclosing problem are detailed in [3–5]. When the target is observable,
these works formulate and solve the problem by creating an encircling formation centered on the target. However, enclosing a
single moving target becomes more challenging due to varying observation topologies between mobile agents and the moving
target. Assuming knowledge of the target’s velocity, cyclic pursuit strategies were developed for holonomic agents in [6] and more
general MIMO agents in [7]. Besides, [8] proposed a local information control law to enclosing the single moving target with
bounded and unknown velocity. In relation to the diverse variants in this field, practical constraints on the observations and circular
formation have been imposed in both obstacle-laden [9] and obstacle-free [10] environments. Moreover, the elliptical enclosing
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Fig. 1. Trajectory demonstration of the multi-moving-target enclosing problem using four followers and two targets.

control problem was considered in [11] where a finite-time composite learning-based enclosing controller was proposed. More recent
works on the single-moving-target enclosing problem can be found on addressing linear dynamics with input saturation in [12,13],
nonholonomic agents using feedback linearization in [14], mobile targets with time-varying velocity and collision avoidance in [15],
under-actuated autonomous surface vehicles with an event-triggered control framework in [16] and limited measurements in critical
environments [17], among others.

Comparatively, MTECP poses heightened challenges as agents are required to orbit around the geometrical center of all targets
as shown in Fig. 1. The key difficulty is that this circular center remains imperceptible and unobservable to all followers. As a
esult, each follower must maintain a supplementary estimator to distributively approximate the position of this unobservable

center, utilizing their individual observations and information exchanged with neighboring robots. An exponential estimator is
proposed in [18,19] for both the first- and second-order MRS to form a convex hull containing multiple static targets. Then an
verage-consensus-based estimator [20] is introduced into the enclosing problem of multiple moving targets in [21,22]. Besides,

the centralized-form least-square (LS) estimator is presented in [23] using bearing-only measurements to localize each target and
estimate the geometric center. However, all the estimators mentioned above are exponentially stable. The impact on control stability
of the accumulated tracking error between the estimated position and the real GCT have not been thoroughly investigated. The
accumulated error may lead to fatal divergence during the enclosing stage in some critical environments, prompting the development
of a finite-time convergent estimator in [24–27]. This finite-time convergent estimator guarantees precise tracking of the target
eometric center (TGC) within a finite time frame, ensuring that the accumulated error during the enclosing stage remains within
olerable limits.

However,current finite-time estimator still exhibits the chattering phenomenon caused by the discontinuous term (see Figure
 in [24]) when the estimator is getting convergent, or the estimator’s output of adjacent agents becomes similar. Chattering in

robot systems manifests as rapid and erratic oscillations in signals, leading to instability in robot movements. This instability can
compromise the robot’s ability to execute tasks with precision and accuracy, and in the worst-case scenario can result in increased
wear and tear on the mechanical components. As the controller of the MTECP composites the encircling and mincing motion, the
output of estimator is directly feed-forward to the controller. Therefore, the chattering estimations in [24–28] degrade the control
performance and are harmful to the actuator. While a smoothing function is suggested in [24] to address this issue, further evidence
is needed to substantiate the efficacy of finite-time convergence, and the impact on the accuracy of the enclosing formation warrants
additional investigation.

Regarding the aforementioned issues, this paper addresses the problem of continuously distributed estimation of the time-varying
GCT in finite-time within the context of the MTECP. Two chattering-free estimators are designed, with one utilizing the consensus
error with fractional order, while the other employs double integration to ensure continuity. The innovations are highlighted as
ollows:

• Contrasting to most existing single-target cases in [9–16,29], the enclosing problem considered in this work is the multi-
moving-target case, which is more challenging as the circular center of enclosing formation is unperceptive. Hence the
finite-time and distributed estimation for the GCT is critical. This work investigates the finite-time and distributed estimation
of the GCT for MTECP capable of multi-moving-target cases.

• Different from the multi-target enclosing problem in [24–27], this work focuses on removing the chattering phenomenon for
the finite-time estimation of the time-varying GCT that is harmful to the mechanical components of the robots. Therefore, the
lifespan of actuators can be extended using the proposed methods.

The rest of this work is organized as follows. The notations and some important lemmas are first introduced in Section 2. Then
the problem of enclosing control for multiple moving targets is formulated and the impact of the chattering phenomenon on the
MTECP is analyzed in Section 3. It follows with the main results of this work, the two proposed estimators and their derivations
to show the finite-time stability and continuity in Section 4. Finally, the simulation and conclusion are presented at the end of this
work.

2. Preliminaries

Notations. In this work, we use the normal lowercase to represent the scalar i.e. 𝑥 ∈ R1 and bold for the vector i.e. 𝒙 ∈ R𝑛, 𝑛 ≥ 2
respectively. The operator | ⋅ | denotes the absolute value of a scalar or the number of elements of a vector. Without any specification,
‖ ⋅ ‖ denotes the Euclidean norm of the inputted vector.
2 
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At first, the following result [30] is provided to guarantee the finite-time stability,

Theorem 1. Consider the nonlinear system 𝒙̇ = 𝑓 (𝒙) with 𝑓 (𝟎) = 𝟎, suppose that there exist a 𝐶1 positive function 𝑉 (𝒙0) and two real
umbers 𝑐 > 0, 𝛼 ∈ (0, 1), such that the inequality

𝑉̇ (𝒙) ≤ −𝑐 𝑉 𝛼(𝒙)

holds, then the system is finite-time stable and the upper bound of the settling time is given by

𝑇 ≤ 𝑉 1−𝛼(𝟎)
𝑐(1 − 𝛼)

Additionally, for any real constant 𝛾 < 𝑉 (𝟎), then the settling time 𝑇1 that ensures 𝑉 (𝑡) < 𝛾 ,∀𝑡 > 𝑇1 can be bounded by

𝑇1 ≤
𝑉 1−𝛼(𝟎) − 𝛾1−𝛼

𝑐(1 − 𝛼)
.

Next, the following two lemmas are instrumental in simplifying the derivations of our main results,

Lemma 1. Given a vector 𝒙 ∈ R𝑛 and a positive 0 < 𝑝 < 1, then we have
(
∑𝑛

𝑖=1 |𝑥𝑖|
)𝑝 ≤

∑𝑛
𝑖=1 |𝑥𝑖|

𝑝 ≤ 𝑛1−𝑝
(
∑𝑛

𝑖=1 |𝑥𝑖|
)𝑝

Lemma 2. Given two sets of functions {𝑏1(𝑡), 𝑏2(𝑡),… , 𝑏𝑛(𝑡)}, {𝑐1(𝑡), 𝑐2(𝑡),… , 𝑐𝑛(𝑡)} and a symmetric matrix 𝑨 = [𝑎𝑖𝑗 ] ∈ R𝑛×𝑛, then
𝑛
∑

𝑖=1

𝑛
∑

𝑗=1

[

𝑎𝑖𝑗𝑐𝑖(𝑡)
[

𝑏𝑖(𝑡) − 𝑏𝑗 (𝑡)
]
𝑞
𝑝
]

= 1
2

𝑛
∑

𝑖=1

𝑛
∑

𝑗=1

{

𝑎𝑖𝑗
[

𝑐𝑖(𝑡) − 𝑐𝑗 (𝑡)
] [
𝑏𝑖(𝑡) − 𝑏𝑗 (𝑡)

]
𝑞
𝑝
}

where 𝑝, 𝑞 > 0 are two odd positives. In addition, if 𝑐𝑖(𝑡) = 𝑏𝑖(𝑡),∀𝑖 ∈ {1, 2,… , 𝑛}, then
𝑛
∑

𝑖=1

𝑛
∑

𝑗=1

[

𝑎𝑖𝑗𝑐𝑖(𝑡)
[

𝑏𝑖(𝑡) − 𝑏𝑗 (𝑡)
]
𝑞
𝑝
]

= 1
2

𝑛
∑

𝑖=1

𝑛
∑

𝑗=1

{

𝑎𝑖𝑗
[

𝑏𝑖(𝑡) − 𝑏𝑗 (𝑡)
]1+ 𝑞

𝑝
}

And especially when 𝑐𝑖(𝑡) = 1,∀𝑖 ∈ {1, 2,… , 𝑛},
𝑛
∑

𝑖=1

𝑛
∑

𝑗=1

[

𝑎𝑖𝑗
[

𝑏𝑖(𝑡) − 𝑏𝑗 (𝑡)
]
𝑞
𝑝
]

= 0

3. Problem formulation

3.1. Mathematics formulation of the MTECP

Consider a group of 𝑛 agents, called the followers, are deployed in a 2-D plane, with the first-order integrator system as:

𝒑̇𝑖 = 𝒖𝑖,∀𝑖 ∈ V𝐹 = {1, 2,… , 𝑛} (1)

Their mission is to encircle around a group of 𝑚 targets 𝑗 ∈ V𝐿 = {1, 2,… , 𝑚} with a predefined spacing pattern. Note that the
targets may be uncooperative and therefore their dynamics are also unknown in practice. Here we represent the targets using a
second-order equation as follows:

{

𝒑̇𝑡𝑗 = 𝒗𝑡𝑗
𝒗̇𝑡𝑗 = 𝒂𝑡𝑗

,∀𝑗 ∈ V𝐿 (2)

where 𝒑𝑡𝑗 , 𝒗
𝑡
𝑗 ,𝒂

𝑡
𝑗 ∈ R2 are the position, velocity and acceleration of the 𝑗th target respectively and 𝒂𝑡𝑗 is unknown . 𝒑𝑖, 𝒖𝑖 are the

position and control input of the 𝑖th follower. As demonstrated in Fig. 2, the GCT can be defined as

𝒑̄𝑡 = 1
𝑚

∑

𝑖∈V𝐿

𝒑𝑡𝑖 (3)

Then the concept of the included angle is important for further description of the enclosing problem, whose definition is given as,
𝜃̄𝑖 = 𝜃𝑖+ − 𝜃𝑖 + 𝜍𝑖

𝜍𝑖 =

{

0, if 𝜃𝑖+ − 𝜃𝑖 ≥ 0 (4)

2𝜋 , if 𝜃𝑖+ − 𝜃𝑖 < 0

3 
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Fig. 2. Configuration for the enclosing problem, where 𝑖+ , 𝑖− denote the successor and predecessor of the follower 𝑖 according to the neighboring strategy
in [8,15], 𝜌𝑑 , 𝜔𝑑 are the expected enclosing radius and rotating angular velocity respectively, 𝜃̄𝑖 is the included angle between the follower 𝑖 and its successor
𝑖+.

Fig. 3. Control commands of the first follower during the enclosing process shown in Fig. 1 using the finite-time GCT estimator (5) and finite-time controller
(6).

where 𝜃𝑖 = 𝑎𝑡𝑎𝑛2(
𝛥𝑝𝑦𝑖
𝛥𝑝𝑥𝑖

) is the relative angle between the follower 𝑖 and the GCT in the global frame. 𝛥𝑝𝑥𝑖 , 𝛥𝑝𝑦𝑖 are the elements in the
relative position vector 𝛥𝒑𝑖 between follower 𝑖 and the GCT i.e. 𝛥𝒑𝑖 = 𝒑𝑖 − 𝒑𝑡.

The objective of the MTECP is to design a proper distributed control law 𝒖𝑖 such that these targets can be surrounded by a
convex hull spanned by all followers. The common enclosing formation is a circle encoded by P = {𝑤𝑑 , 𝜌𝑑 , 𝜽̄𝑑} centered at the GCT
with a predefined radius 𝜌𝑑 > 𝑚𝑎𝑥𝑖∈V𝐿

(‖𝒑𝑡𝑖 − 𝒑̄𝑡‖) and rotating angular speed 𝜔𝑑 > 0. Additional tasks also specify a spacing pattern
indicated by a set of included angles 𝜽̄𝑑 = [𝜃̄1𝑑 , 𝜃̄2𝑑 ,… , 𝜃̄𝑛𝑑 ]𝑇 𝑠.𝑡.

∑𝑛
𝑖=1 𝜃̄𝑖𝑑 = 2𝜋.

Graph Theory: The interaction in MTECP can be categorized into the communication among followers and the observation
between followers and targets. We assume the communication topology to be an undirected graph G1 = {V𝐹 ,E𝐹 ,𝑨} consisting of
𝑛 followers serving as the node set and E𝐹 = {(𝑖, 𝑗) ∈ V𝐹 ×V𝐹 } denoting the edge set. The 𝑖th and 𝑗th followers are said to be adjacent
if (𝑖, 𝑗) ∈ E𝐹 . The adjacent matrix 𝑨 = [𝑎𝑖𝑗 ] is defined by 𝑎𝑖𝑗 = 𝑎𝑗 𝑖 = 1 if (𝑖, 𝑗) ∈ E𝐹 , otherwise 𝑎𝑖𝑗 = 0. The Laplacian matrix is defined
as 𝑳 = 𝑫 − 𝑨 where 𝑫 = 𝑑 𝑖𝑎𝑔[𝑑1, 𝑑2,… , 𝑑𝑛] with 𝑑𝑖 =

∑𝑛
𝑗=1 𝑎𝑖𝑗 . If the graph G1 is connected i.e. every two nodes in the graph can

find a sequence of edges connecting them, the eigenvalues of the Laplacian matrix 𝑳 is 0 = 𝜆1 ≤ 𝜆2 ≤ ⋯ ≤ 𝜆𝑛. The observation
topology is a unidirectional graph G2 = {V𝐹 ,V𝐿E𝑜𝑏𝑠,𝑩} starting from the set of followers V𝐹 to the targets V𝐿. Similarly, the edge
set is E𝑜𝑏𝑠 = {(𝑖, 𝑗) ∈ V𝐹 ×V𝐿} and the observation matrix 𝑩 = [𝑏𝑖𝑗 ] is defined by 𝑏𝑖𝑗 = 1 if 𝑖 ∈ V𝐹 , 𝑗 ∈ V𝐿, (𝑖, 𝑗) ∈ E𝑜𝑏𝑠. We denote three
neighboring sets 𝑵 𝑡 = {∀𝑗|𝑗 ∈ V , (𝑖, 𝑗) ∈ E } containing the targets that 𝑖th follower can observe, 𝑵𝐹 = {∀𝑖|𝑖 ∈ V , (𝑖, 𝑗) ∈ E }
𝑖 𝐿 𝑜𝑏𝑠 𝑗 𝑖 𝑜𝑏𝑠

4 
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Fig. 4. (A): the evolution of the vector 𝒑 ∈ R2 along a spiral line; (B): the discontinuous transformation of 𝒑∕‖𝒑‖ as a circle of unit vector and (C): the
fractional-order transformation of 𝒑

1
3 .

including the followers that can observe the 𝑗th targets and 𝑵 𝑖 = {∀𝑗|𝑗 ∈ V𝐹 , (𝑖, 𝑗) ∈ E𝐹 } the set of followers that 𝑖th follower can
communicate with.

3.2. Chattering problem of estimating the GCT in finite-time

How to acquire the GCT is one of the key issues in the multi-target enclosing problem. The most intuitive method is to
calculate according to its definition in (3) by assuming at least one follower can observe all targets all the time and then communicate
his information with other connected followers. If the communication network among followers is connected, the GCT can be
elivered to all followers quickly using a multi-hop routing method. However, such an assumption is too strong to be applied in
eality because most followers can only observe part of targets due to various observation limitations.

In this regard, existing works tend to decouple the enclosing problem for multi-moving-target cases into two phases:
Phase I: Designing a finite-time estimator for the position and velocity of GCT using only local information, for example, the

observations of a subset of neighboring targets and the exchanged messages from other adjacent followers. e.g.
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝒓𝑖 = 𝜱𝑖 + 𝒑̃𝑖, 𝒑̃𝑖 =
𝑛
𝑚

∑

𝑗∈𝑵𝑇
𝑖

1
|𝑵𝐹

𝑗 |
𝒑𝑡𝑗

𝜱̇𝑖 = 𝑘𝑠𝑔 𝑛
∑

𝑗∈𝑵 𝑖

𝒓𝑗 − 𝒓𝑖
‖𝒓𝑗 − 𝒓𝑖‖

(5)

which has been well-studied in [24–27]. Results show that the output of this estimator 𝒓𝑖 can exactly track the real GCT in finite
time under some mild assumptions.

Phase II: Proposing a formation controller by directly feedforward the estimates to track the movements of all targets after the
convergence of the finite-time estimator. For example, a finite-time controller for encircling formation with arbitrary space pattern
is designed in our previous work [31]:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝒖𝑖 = 𝝋𝑇
𝑖 𝑤𝑧,𝑖 + 𝝋𝑇

𝑖,⟂𝑤𝛿 ,𝑖 + 𝒓̇𝑖

𝑤𝑧,𝑖 = −𝑘𝑧𝑧
1
𝛼0
𝑖

𝑤𝛿 ,𝑖 = 𝑘𝛿𝛿
1
𝛼0
𝑖 +𝑤𝑑

(6)

where 𝝋𝑖 = [cos(𝜃𝑖), sin(𝜃𝑖)]𝑇 is the unit vector of 𝛥𝒑𝑖 and 𝝋𝑖,⟂ is the perpendicular vector of 𝝋𝑖 in the clockwise direction. 𝒓̇𝑖 is the
derivative of the output of the finite-time estimator (5). 𝑧𝑖, 𝛿𝑖 are the radius error and included angle error generated by P the
expected formation and 𝒓 the estimated counterpart of the GCT, 𝛼0, 𝑘𝑧, 𝑘𝛿 are the parameters, and 𝑤𝑑 is the desired rotating speed.

Remark 1. The discontinuity of the estimator (5) comes from the unit-vector term 𝒓𝑖−𝒓𝑗
‖𝒓𝑖−𝒓𝑗‖

as demonstrated in Fig. 4(B). The unit-
vector term remains on the circle until the consensus is achieved i.e. 𝒓𝑖 = 𝒓𝑗 ,∀𝑖, 𝑗. Therefore, any small difference between two
neighboring estimators will result in frequent changes in the direction of the unit vector, which is observed as chattering.

Remark 2. As shown in (6), the output of the estimator 𝒓𝑖 and its derivative 𝒓̇𝑖 are directly used in the controller, on which
the continuity of the controller depends. However, current finite-time estimator for multiple moving targets (5) contains the
discontinuous term 𝒓𝑗−𝒓𝑖

‖𝒓𝑗−𝒓𝑖‖
, which results in chattering when either the estimator is getting convergent, or the estimates of two

djacent agents become similar. Since the estimates and the derivative of estimates will be directly feedforward to the controller
n most prevailing methods, the discontinuity in the estimator will bring chattering to the control input of the follower, see Fig. 3,

which is harmful to the actuators. Therefore, it is necessary to develop innovative estimators whose estimated position and velocity
re both continuous.
5 
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The following assumptions regarding the communication and observation topology form the basis of our continuous estimators.

Assumption 1. The communication topology among followers is undirect and connected. The communication weights are either
0 or 1.

Assumption 2. Each leader can be observed by at least one follower during the enclosing.

Assumption 3. The velocity 𝒗𝑗 and acceleration 𝒂𝑗 of GCT are piece-wisely continuous and are bounded by the known positive
onstants 𝛽 and 𝛾 such that

‖𝒗𝑡𝑗‖ ≤ 𝛽 , ‖𝒂𝑡𝑗‖ ≤ 𝛾 ,∀𝑗 ∈ V𝐿

4. Continuous finite-time estimators

This section proposes two distributed and continuous estimators to compute the GCT on every follower. Section 4.1 presents a
variant of the discontinuous one in (5) by using the fractional-order of the consensus error, which can allow the error to remain in the
icinity of zero and therefore reduce the chattering. Section 4.2 considers a second-order estimator by integrating the discontinuous
erm, by which the derivative of 𝒓𝑖 can be smoothing and continuous.

4.1. The fractional-order continuous estimator

Regarding the chattering estimator (5), we change the discontinuous term by the fractional-order consensus error as follows,
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝒓𝑖 = 𝜱𝑖 + 𝒑̃𝑖, 𝒑̃𝑖 =
𝑛
𝑚

∑

𝑗∈𝑵𝑇
𝑖

1
|𝑵𝐹

𝑗 |
𝒑𝑗

𝜱̇𝑖 = 𝑘𝑒
∑

𝑗∈𝑵 𝑖

𝑎𝑖𝑗
(

𝒓𝑗 − 𝒓𝑖
)

1
𝛼1

(7)

where 𝛼1 = 𝑝1
𝑞1

, and 𝑝1 > 𝑞1 > 0 are positive odds. 𝑘𝑒 > 0 is the estimator gain. To show its effectiveness, the candidate Lyapunov
function is chosen as:

𝑉1 =
1
2

𝑛
∑

𝑖,𝑗=1
‖𝒓𝑖 − 𝒓𝑗‖2 =

1
2

𝑛
∑

𝑖,𝑗=1

(

𝒓𝑖 − 𝒓𝑗
)𝑇 (

𝒓𝑖 − 𝒓𝑗
)

(8)

Taking the derivative of both sides yields

𝑉̇1 =
1
2

𝑛
∑

𝑖,𝑗=1

[

(𝒓̇𝑖 − 𝒓̇𝑗 )𝑇
(

𝒓𝑖 − 𝒓𝑗
)

+
(

𝒓𝑖 − 𝒓𝑗
)𝑇 (𝒓̇𝑖 − 𝒓̇𝑗 )

]

=
𝑛
∑

𝑖,𝑗=1

[

(

𝒓𝑖 − 𝒓𝑗
)𝑇 (𝜱̇𝑖 − 𝜱̇𝑗 ) +

(

𝒓𝑖 − 𝒓𝑗
)𝑇 ( ̇̃𝒑𝑖 − ̇̃𝒑𝑗 )

]

(9)

Then let substitute the estimator in (7), we can get

𝑉̇ =
𝑛
∑

𝑖,𝑗=1

[

−𝑘𝑒
(

𝒓𝑖 − 𝒓𝑗
)𝑇

𝑛
∑

𝑠1=1
𝑎𝑖𝑠1

(

𝒓𝑖 − 𝒓𝑠1
)

1
𝛼1

−𝑘𝑒
(

𝒓𝑖 − 𝒓𝑗
)𝑇

𝑛
∑

𝑠2=1
𝑎𝑗 𝑠2

(

𝒓𝑠2 − 𝒓𝑗
)

1
𝛼1 +

(

𝒓𝑖 − 𝒓𝑗
)𝑇 ( ̇̃𝒑𝑖 − ̇̃𝒑𝑗 )

]

= −𝑘𝑒
2

𝑛
∑

𝑖,𝑗=1

( 𝑛
∑

𝑠1=1
𝑎𝑖𝑠1 (𝒓𝑖 − 𝒓𝑠1 )

1+𝛼1
𝛼1 +

𝑛
∑

𝑠2=1
𝑎𝑗 𝑠2 (𝒓𝑗 − 𝒓𝑠2 )

1+𝛼1
𝛼1

)

+

𝑘𝑒
𝑛
∑

𝑖=1
𝒓𝑖

𝑛
∑

𝑗 ,𝑠2=1
𝑎𝑗 𝑠2 (𝒓𝑗 − 𝒓𝑠2 )

1
𝛼1 + 𝑘𝑒

𝑛
∑

𝑗=1
𝒓𝑗

𝑛
∑

𝑖,𝑠1=1
𝑎𝑖𝑠1 (𝒓𝑖 − 𝒓𝑠1 )

1
𝛼1

+
∑

𝑖,𝑗=1

[

(

𝒓𝑖 − 𝒓𝑗
)𝑇 ( ̇̃𝒑𝑖 − ̇̃𝒑𝑗 )

]

(10)

Recalling Lemma 2 follows
𝑛
∑

𝑗=1

𝑛
∑

𝑠2=1
𝑎𝑗 𝑠2 (𝒓𝑗 − 𝒓𝑠2 )

1
𝛼1 = 0

𝑛
∑

𝑛
∑

𝑎𝑖𝑠1 (𝒓𝑖 − 𝒓𝑠1 )
1
𝛼1 = 0

(11)
𝑖=1 𝑠1=1

6 
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Therefore, we can rewrite the derivative as:

𝑉̇1 = − 𝑛𝑘𝑒
2

[ 𝑛
∑

𝑖,𝑠1=1
𝑎𝑖𝑠1

(

𝒓𝑖 − 𝒓𝑠1
)

1+𝛼1
𝛼1 +

𝑛
∑

𝑗 𝑠2=1
𝑎𝑗 𝑠2

(

𝒓𝑗 − 𝒓𝑠2
)

1+𝛼1
𝛼1

]

+
∑

𝑖,𝑗=1

[

(

𝒓𝑖 − 𝒓𝑗
)𝑇 ( ̇̃𝒑𝑖 − ̇̃𝒑𝑗 )

]

= −𝑛𝑘𝑒
𝑛
∑

𝑖,𝑠1=1
𝑎𝑖𝑠1

(

𝒓𝑖 − 𝒓𝑠1
)1+ 1

𝛼1 +
∑

𝑖,𝑗=1

[

(

𝒓𝑖 − 𝒓𝑗
)𝑇 ( ̇̃𝒑𝑖 − ̇̃𝒑𝑗 )

]

≤ −𝑛𝑘𝑒
𝑛
∑

𝑖,𝑠1=1
𝑎𝑖𝑠1

(

𝒓𝑖 − 𝒓𝑠1
)1+ 1

𝛼1 + 2
∑

𝑖,𝑗=1

[

‖
̇̃𝒑𝑖‖

1
2
‖𝒓𝑖 − 𝒓𝑗‖2

]

(12)

From the definition of 𝒑̃𝑖 and Assumption 2, we know that |𝑵𝐹
𝑗 | ≥ 1 and |𝑵𝑇

𝑖 | ≤ 𝑚, which yields

‖
̇̃𝒑𝑖‖ ≤ 𝑛

𝑚
∑

𝑗∈𝑵𝑇
𝑖

1
|𝑵𝐹

𝑗 |
‖𝒑̇𝑡𝑗‖

≤ 𝑛max𝑗∈V𝑇
‖𝒑̇𝑡𝑗‖ = 𝑛𝛽

As a result,

𝑉̇1 ≤ −𝑛𝑘𝑒
𝑛
∑

𝑖,𝑠1=1
𝑎𝑖𝑠1

(

𝒓𝑖 − 𝒓𝑠1
)1+ 1

𝛼1 + 2𝑛𝛽
∑

𝑖,𝑗=1
‖𝒓𝑖 − 𝒓𝑗‖2

≤ −𝑛𝑘𝑒𝑉
𝛼1+1
2𝛼1

1 + 2𝑛𝛽 𝑉
1
2

1

(13)

If we let

−𝑛𝑘𝑒𝑉
𝛼1+1
2𝛼1

1 + 2𝑛𝛽 𝑉
1
2

1 ≤ −𝜂 𝑉
1
2
1

i.e.

−𝑛𝑘𝑒𝑉
1

2𝛼1
1 + 2𝑛𝛽 ≤ −𝜂

𝑉1 ≥
(

𝜂 + 2𝑛𝛽
𝑛𝑘𝑒

)2𝛼1
∶= 𝜖2

where 𝜂 > 0 is a positive constant and 𝑓 (𝛽 , 𝑘𝑒, 𝛼1) is a single-valued function to the inputs, then

𝑉̇1 ≤ −𝜂 𝑉
1
2

1

which means the Lyapunov function will converge to the set [0, 𝑓 (𝛽 , 𝑘𝑒, 𝛼1)] in finite time

𝑇1 ≤ 2
𝑉

1
2

1 (0) − 𝜖
𝜂

and will stay within the set, i.e. 𝑉1(𝑡) ∈ [0, 𝑓 (𝛽 , 𝑘𝑒, 𝛼1)],∀𝑡 > 𝑇1.
Since 𝑉1 =

∑

𝑖,𝑗=1(𝒓𝑖 − 𝒓𝑗 )2, for any two followers 𝑖, 𝑗, the difference between their estimates has

‖𝒓𝑖 − 𝒓𝑗‖ ≤
√

𝑉1

before the settling time 𝑇1. In addition,
𝑛
∑

𝑖=1
𝒓𝑖(𝑡) = 𝑘𝑒 ∫

𝑡

0

𝑛
∑

𝑖=1

∑

𝑗∈𝑵 𝑖

𝑎𝑖𝑗 (𝒓𝑗 − 𝒓𝑖)
1
𝛼1 +

𝑛
∑

𝑖=1
𝒑̃𝑖

Since
𝑛
∑

𝑖=1

∑

𝑗∈𝑵 𝑖

𝑎𝑖𝑗 (𝒓𝑗 − 𝒓𝑖)
1
𝛼1 = 0

and
𝑛
∑

𝑖=1
𝒑̃𝑖 =

𝑛
∑

𝑖=1

𝑛
𝑚

∑

𝑗∈𝑵𝑇
𝑖

1
|𝑵𝐹

𝑗 |
𝒑𝑡𝑗 =

𝑛
𝑚

𝑚
∑

𝑖=1
𝒑𝑡𝑗 = 𝑛𝒑̄𝑡

Therefore,
1
𝑛

𝑛
∑

𝒓𝑖 = 𝒑̄𝑡

𝑖=1

7 
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For any follower 𝑖 ∈ V𝐹 , the error between the real LAP and the output of the estimate in (7) is

‖𝒓𝑖 − 𝒑̄𝑡‖ = ‖𝒓𝑖 −
1
𝑛

𝑛
∑

𝑗=1
𝒓𝑗‖ = ‖

1
𝑛

𝑛
∑

𝑗=1
(𝒓𝑖 − 𝒓𝑗 )‖

≤ 1
𝑛

𝑛
∑

𝑗=1
‖(𝒓𝑖 − 𝒓𝑗 )‖ ≤ 𝜖

In conclusion, we present the following theorem:

Theorem 2. Given Assumption 1–3, considering the system in (1) and (2), if each follower in the MRS maintains an estimator (7), there
xists a settling time 𝑇1 and a positive threshold 𝜖, such that,

lim
𝑡>𝑇1

‖𝒓𝑖 − 𝒑̄𝑡‖ ≤ 𝜖 (14)

where the threshold can be adjusted by tuning the parameters in the estimator.

Proof. The proof has been derived above and thus omitted. □

Remark 3. Theorem 2 ensures that the proposed continuous estimator can converge to an adjustable accuracy in finite time. The
ain advantage is the continuity of the outputs 𝒓 and 𝒓̇. As done by prevailing methods in [22–24], these estimates are directly

fed into the enclosing controller. As a result, the proposed estimator in (7) can avoid the chattering phenomenon in the control
ommands. In addition, The upper bound of estimating accuracy can be adjusted by tuning the parameters 𝑘𝑒, 𝛼1 in the estimator.
n practice, the preferred principles for determining 𝑘𝑒 and 𝛼1 given the desired accuracy 𝜖𝑑 and settling time 𝑇1,𝑑 could be:

1. choose a large 𝑘𝑒 > 0 such that 𝑛𝑘𝑒 > 𝜂 + 2𝑛𝛽.
2. 𝛼1 should satisfy:

𝛼1 >
ln 𝜖𝑑

ln(𝜂 + 2𝑛𝛽) − ln(𝑛𝑘𝑒)
and

𝛼1 >
ln
[

𝑉
1
2

1 (0) − 𝑇1,𝑑𝑛(𝑘𝑒−2𝛽)
2

]

ln(𝜂 + 2𝑛𝛽) − ln(𝑛𝑘𝑒)

Remark 4. As shown in Fig. 4(C), the consensus error with fractional-order term can continuously slide toward the origin
s it diminishes in magnitude. In favor of such property, the consensus error can remain stable and smoothing within a small
eighborhood around zero, which helps prevent the alternatively rising and falling of the error between any two neighboring agents

when compared with the unit-vector-based estimator. Therefore, the derivatives of their internal state 𝜱𝑖 would not intermittently
jump around, and thus the derivatives of 𝒓𝑖 can be stable and smooth.

4.2. The second-order continuous estimator

The previous estimator is easily implemented in practice with bounded accuracy in theory. As a complement, this subsection
roposes a second-order continuous estimator as follows:

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝒒̇𝑖 = 𝝃𝑖 (a)
𝝃̇𝑖 = −𝜏𝑖 𝜱𝑖

‖𝜱𝑖‖
− 𝜁𝑖

∑

𝑖∈V𝐹
𝑎𝑖𝑗 (𝜱𝑖 −𝜱𝑗 )𝜇 (b)

𝜱𝑖 = 𝛼2
∑

𝑖∈V𝐹
𝑎𝑖𝑗 (𝒓𝑖 − 𝒓𝑗 ) + 𝛼3

∑

𝑖∈V𝐹
𝑎𝑖𝑗 (𝒔𝑖 − 𝒔𝑗 ) (c)

𝒓𝑖 = 𝒒𝑖 + 𝒑̃𝑖 (d)
𝒔𝑖 = 𝝃𝑖 + 𝒗̃𝑖 (e)
𝒑̃𝑖 =

𝑛
𝑚
∑

𝑗∈𝑵𝑇
𝑖

1
|𝑵𝐹

𝑗 |
𝒑𝑡𝑗 (f)

𝒗̃𝑖 =
𝑛
𝑚
∑

𝑗∈𝑵𝑇
𝑖

1
|𝑵𝐹

𝑗 |
𝒗𝑡𝑗 (g)

(15)

where 𝒒𝑖, 𝝃𝑖 and 𝜱𝑖 are the internal states with the requirements ∑𝑛
𝑖=1 𝒒𝑖(0) = 0 and ∑𝑛

𝑖=1 𝝃𝑖(0) = 0. 𝒓𝑖 and 𝒔𝑖 are the estimates of
the position and velocity of the GCT at 𝑖th agents. 𝜁𝑖 > 0,∀𝑖 ∈ V𝐹 are positive constants, 𝜇 > 2 is an odd integer. 𝜏𝑖, 𝜁𝑖, 𝛼2, 𝛼3 are
the positive parameters to be determined. Note that such an estimator requires that the follower can both measure the position and
velocity of the observed targets. Its flowchart is shown in Fig. 5.

For the simplicity of the following derivations, let us introduce the vectorized notations. We implement the bold unsubscripted
notation 𝜟 as the vectorization of 𝜟 ,∀𝑖 ∈ V or ∀𝑖 ∈ V , here 𝜟 can be any letter used in this paper. For example, we denote
𝑖 𝐹 𝐿

8 
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Fig. 5. The flowchart of the second-order continuous estimator. It takes as input the observation of targets’ positions and velocities, the estimated position and
velocity of the GCT from other robots, and the exchanged internal states 𝜱𝑖.

𝒓 = [𝒓𝑇1 , 𝒓𝑇2 ,… , 𝒓𝑇𝑛 ]
𝑇 and 𝒔 = [𝒔𝑇1 , 𝒔𝑇2 ,… , 𝒔𝑇𝑛 ]

𝑇 the vectors containing the estimates of all followers. In addition, let us define the
verage consensus errors as follows:

𝒓̃𝑖 = 𝒓𝑖 −
1
𝑛

∑

𝑗∈V𝐹

𝒓𝑗

and

𝒔̃𝑖 = 𝒔𝑖 −
1
𝑛

∑

𝑗∈V𝐹

𝒔𝑗

Therefore, the vectorized expression can be derived by
𝒓̃ = 𝑴 𝒓
𝒔̃ = 𝑴 𝒔

where 𝑴 ∈ R2𝑛×2𝑛 = (𝑰𝑛 −
1
𝑛 𝟏𝑛) ⊗ 𝑰2 with 𝑰𝑛 ∈ R𝑛×𝑛 the identity matrix and 𝟏𝑛 ∈ R𝑛×𝑛 the square matrix whose elements are all

one. Thereby, their derivatives can be achieved:
̇̃𝒓 = 𝒔̃
̇̃𝒔 = 𝑴

(

𝝃̇ + ̇̃𝒗
)

Let 𝒚𝑖 =
∑

𝑖∈V𝐹
𝑎𝑖𝑗 (𝒓𝑖 − 𝒓𝑗 ) and 𝒛𝑖 =

∑

𝑖∈V𝐹
𝑎𝑖𝑗 (𝒔𝑖 − 𝒔𝑗 ), we can derive the following equations by the property of the Laplacian matrix

𝐿:
(𝑳⊗ 𝑰2)𝑟 = (𝑳⊗ 𝑰2)𝑴 𝒓 = (𝑳⊗ 𝑰2)𝒓 = 𝒚

(𝑳⊗ 𝑰2)𝑠̃ = (𝑳⊗ 𝑰2)𝑴 𝒔 = (𝑳⊗ 𝑰2)𝒔 = 𝒛

Choosing the candidate Lyapunov function as:

𝑉 (𝑡) = 𝒓̃𝑇
(

𝛼2𝛼3𝑳2 ⊗ 𝑰2
)

𝒓̃ + 𝒓̃𝑇
(

𝛼2𝑳⊗ 𝑰2
)

𝒔̃ + 1
2
𝒔̃𝑇

(

𝛼3𝑳⊗ 𝑰2
)

𝒔̃ (16)

We first show that this function is semi-definite positive under some mild conditions by showing that

𝑷 =

[

𝛼2𝛼3𝑳2 𝛼2
2 𝑳

𝛼2
2 𝑳 𝛼3

2 𝑳

]

⊗ 𝑰2 ≥ 0

Consequentially, if 𝜆2 > 𝛼2
4𝛼3

, the candidate Lyapunov function is guaranteed semi-definite positive.
Taking the derivative of (16) yields:

𝑉̇ = 2𝛼2𝛼3𝒓̃𝑇 (𝑳2 ⊗ 𝑰2)𝒔̃ + 𝛼2𝒔̃𝑇 (𝑳⊗ 𝑰2)𝒔̃

+ (𝛼2𝒓̃𝑇 + 𝛼3𝒔̃𝑇 )(𝑳⊗ 𝑰2) ̇̃𝒔
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

(17)
𝐴

9 
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Fig. 6. The observation and communication topology of the MTECP in the simulation, where the red circles and black rectangles are the targets and followers
respectively. The solid black double-ended arrows are the communication network among followers, while the dashed red single-ended arrows are the observation
links between the followers and targets.

Recalling that 𝜱 = 𝛼2𝒚 + 𝛼3𝒛, then term A in (17) can be written as:
term A = (𝛼2𝒓̃𝑇 + 𝛼3𝒔̃𝑇 )(𝑳⊗ 𝑰2)𝑴

(

𝝃̇ + ̇̃𝒗
)

= (𝛼2𝒓̃𝑇 + 𝛼3𝒔̃𝑇 )(𝑳⊗ 𝑰2)
(

𝝃̇ + ̇̃𝒗
)

= 𝜱𝑇 (

𝝃̇ + ̇̃𝒗
)

= −
𝑛
∑

𝑖=1
𝜁𝑖𝜱𝑇

𝑖

∑

𝑗∈V𝐹

𝑎𝑖𝑗 (𝜱𝑖 −𝜱𝑗 )𝜇 −
𝑛
∑

𝑖=1
𝜏𝑖
𝜱𝑇

𝑖 𝜱𝑖

‖𝜱𝑖‖
+𝜱𝑇 ̇̃𝒗

(18)

Easily, we can get

𝜱𝑇𝜱 = 𝛼22𝒚
𝑇 𝒚 + 2𝛼2𝛼3𝒚𝑇 𝒛 + 𝛼23𝒛

𝑇 𝒛 (19)

Substituting (18) and (19) into (17) yields

𝑉̇ ≤ − 𝛼22𝒚
𝑇 𝒚 − (𝛼23 −

𝛼2
𝜆2

)𝒛𝑇 𝒛 −
min(𝜁𝑖)

2

𝑛
∑

𝑖=1

∑

𝑗∈V𝐹

𝑎𝑖𝑗‖𝜱𝑖 −𝜱𝑗‖
𝜇+1

−
(

min(𝜏𝑖) − max(‖𝒂𝑡𝑗‖)
)

𝑛
∑

𝑖=1
‖𝜱𝑖‖ ≤ 0

(20)

If (min(𝜏𝑖) − 𝛾 > 0), the equality holds only when 𝒚 and 𝒛 reach to zeros, which implies that the average consensus errors 𝒓̃ and 𝒔̃
are all zeros. Therefore, we can conclude by the Barbalat’s lemma that (𝒓̃, 𝒔̃) can converge to zeros asymptotically.

In the following, we show that the convergence can also be achieved in finite-time. It can be concluded accordingly that
𝒓̃ ≠ 𝟎, 𝒔̃ ≠ 𝟎 and 𝜱𝑇𝜱 > 0 until the consensus is reached. Let us further define 𝝐𝑖 = [𝛼2𝒚𝑇𝑖 , 𝛼3𝒛𝑇𝑖 ] and 𝝐̃𝑖 = [𝒓̃𝑇𝑖 , 𝒔̃𝑇𝑖 ]𝑇 , then we
can derive:

𝜱𝑇𝜱 ≥ 𝑘𝜑𝝐𝑇 𝝐 ≥ 𝑘𝜑𝜆2 min(𝛼22 , 𝛼23 )𝝐̃𝑇 𝝐̃ (21)

where 𝑘𝜑 = min 𝝐
‖𝝐‖

[

(

𝝐
‖𝝐‖

)𝑇
[

1, 1
1, 1

]

⊗ 𝑰2

(

𝝐
‖𝝐‖

)

]

> 0 according to the Lemma 6 in [32]. Then from the definition of the Lyapunov

function (16), we know that

𝑉 = 𝝐̃𝑇𝑷 𝝐̃ ≤ 𝜆𝑚𝑎𝑥(𝑷 )𝝐̃𝑇 𝝐̃ (22)

Substituting (21) and (22) back into (20) derives:

𝑉̇ ≤ −𝑘𝑣𝑉
1
2

where 𝑘𝑣 =
(

min(𝜏𝑖) − max(‖ ̇̃𝒗𝑖‖)
)

√

𝑘𝜑𝜆2
𝜆𝑚𝑎𝑥(𝑷 ) min(𝛼2, 𝛼3). Therefore, we can conclude from Theorem 1 that (𝒓̃, 𝒔̃) is also finite-time

convergent with the settling time 𝑇2 ≤
2𝑉

1
2 (0)
𝑘𝑣

, implying that lim𝑡>𝑇2 |𝒓𝑖 − 𝒓𝑗 | = 0 and lim𝑡>𝑇2 |𝒔𝑖 − 𝒔𝑗 | = 0.
In the presence of the initial conditions of the internal states ∑𝑛

𝑖=1 𝒒𝑖(0) = 𝟎 and ∑𝑛
𝑖=1 𝝃𝑖(0) = 𝟎, we can derive that

𝑛
∑

𝒒𝑖(𝑡) = −∫

𝑡

∫

𝑡 𝑛
∑

[

𝜏𝑖
𝜱𝑖 + 𝜁𝑖

∑

𝑎𝑖𝑗 (𝜱𝑖 −𝜱𝑗 )𝜇
]

𝑑 𝑡2 = 𝟎

𝑖=1 0 0 𝑖=1 |𝜱𝑖| 𝑖∈V𝐹
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Table 1
Initial positions for the simulation case.

Nodes Followers Targets

𝐹1 𝐹1 𝐹1 𝐹1 𝐿1 𝐿2

Pos(m) [10; −20] [18; 12] [4; 12] [−2; 16] [0; 0] [1; 1]

Table 2
Parameters of the estimators.

Estimators (5) (7) (15)

Parameters 𝑘𝑠𝑔 𝑛 𝑘𝑒 𝛼1 𝛼2 𝛼3 𝜏𝑖 𝜁
Values 3 3 3

7
1 5 5 10

Therefore, we can have
𝑛
∑

𝑖=1
𝒓𝑖 =

𝑛
∑

𝑖=1
𝒑̃𝑖 = 𝑛𝒑̄𝑡

𝑛
∑

𝑖=1
𝒔𝑖 =

𝑛
∑

𝑖=1
𝒗̃𝑖 = 𝑛𝒗̄𝑡

Therefore, the estimator in (15) can precisely track the position and velocity of the GCT in finite time. We conclude these results
with the following theorem,

Theorem 3. Given Assumption 1–3 and considering the MTECP consisting of (1) and (2), the estimator in (15) can exactly track the
GCT and its velocity in finite time i.e.

lim
𝑡>𝑇2

|𝒓𝑖 − 𝒑̄𝑡| = 0

lim
𝑡>𝑇2

|𝒔𝑖 − 𝒗̄𝑡| = 0

if 4𝜆2𝛼3 − 𝛼2 > 0 and min(𝜏𝑖) − 𝛾 > 0.

Proof. The proof can be immediately derived from the above analysis. It is thus omitted. □

Remark 5. The continuity of the estimator in (15) comes from the integration of the internal states 𝜉𝑖 and its derivative 𝜉̇𝑖. Since
the estimated position and velocity of the GCT are feedback into the enclosing controller, the discontinuity of this estimator only
appears in the acceleration phase and therefore can avoid chattering phenomenon in the control commands of followers. Note
that the inclusion of the unit-vector term 𝜱𝑖

|𝜱𝑖|
is crucial for achieving precise estimation of the GCT when compared with the

fractional-order estimator in (7). By integrating the unit-vector term over time, the estimator averages out any sudden changes or
iscontinuities in the unit-vector term, which therefore can enhance the overall performance and reliability of the final enclosing

controller, leading to a more stable and predictable output.

Remark 6. As shown from the theoretical analysis, both estimators can avoid the chattering phenomenon in the enclosing control
roblem. The fractional-order estimator is comparatively easily implemented with less input data. To realize the second-order
stimator, not only do the followers need to observe the position and velocity for the necessary targets to satisfy Assumption 2, but

the followers also need to exchange with neighbors their estimates 𝒓𝑖, 𝒔𝑖, and the internal state 𝜱𝑖 by the communication network.
It is therefore more complex compared with the fractional-order estimator. However, the second-order estimator can exactly track
the real GCT in theory i.e. with no estimation error, while the fractional-order estimator suffers from a bounded precision.

Remark 7. Though the second-order estimator in (15) seems more complex than the fractional-order one, the selection of the four
arameters 𝛼2, 𝛼3, 𝜏𝑖 and 𝜁 is quite easier in practice. In the presence of the prior knowledge of the communication topology and the

upper bound of targets’ acceleration, we can first fix a positive value to 𝛼2 and then choose a proper 𝛼3 such that 𝛼3 >
𝛼2
4𝜆2

. Besides,
𝜏𝑖 can be determined by uniformly choosing a constant value that is bigger than the upper bound of targets’ acceleration 𝛾.

5. Simulation

This section presents the comparison of performance of the proposed estimators in (7) (15) and the discontinuous one in (5),
which are tested under the scenario of MTECP with four followers and two moving targets in 2-D plane. The observation and
ommunication network is indicated in Fig. 6. Their initial positions are deployed according to Table 1. The equations of time-varying

targets are:

𝒗𝑡1 =
[

1
]

𝒗𝑡2 =

[

1
1 𝑡 𝜋

]

0 2 cos( 10 + 3 )

11 
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Fig. 7. The output 𝒓𝑖 of three estimators and the errors between the real GCT and the estimated 𝑟𝑖 for all four followers. Fig {A, D}: discontinuous estimator
(5), Fig {B, E}: the fractional-order estimator (7) and {C, F}: the second-order estimator (15).

Fig. 8. The estimated velocity 𝒓̇𝑖 of three estimators, and the their errors compared with the real velocity of the GCT. Fig {A, B}: discontinuous estimator (5),
Fig {C, D}: the fractional-order estimator (7) and {E, F, G}: the second-order estimator (15).

Therefore, the upper bound of target velocities and accelerations are 𝛽 =
√

5
2 , 𝛾 = 0.05. The parameters of the three estimators are

given in Table 2.
The simulation results are demonstrated in Figs. 7 and 8 where the performance of tracking the position and velocity of the real

GCT for all four followers.
Fig. 7 shows that all three tested estimators can precisely track the real GCT. Compared with the benchmark (5) as shown in

Fig. 7(A, D), the convergence of the fractional-order estimator becomes non-linear in Fig. 7(B) with similar settling time. Though
theoretical analysis only guarantees bounded tracking error, simulation results in Fig. 7(E) demonstrate comparable precision of
the fractional-order estimator. Regarding the second-order estimator in (15), it becomes much slower to converge to the real GCT,
spending about 20 s as compared to ≈0.2 s in benchmark and ≈0.3 s in the fraction-order estimator.

Fig. 8(A, C, E) present the estimated velocity of the GCT, demonstrated by the derivative of output i.e. 𝑣1, 𝑣2 → 𝒓̇𝑖 for the
first-order estimators (5), (7), and 𝑣 → 𝒔 for the second-order estimator (15). The focused chattering phenomenon is exposed in
3 𝑖
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Fig. 8(A, B), where we can see all four followers exhibit undesirable oscillations starting around 0.2s when the estimator starts getting
convergent. In comparison, the proposed two continuous estimators successfully remove such impact in Fig. 8(C,E). Fig. 8(B, D, F,
G) are the differences between the estimated velocities from these estimators, and the real values. Fig. 8(D) details the evolution of
the estimated errors under the proposed fractional-order estimator for all four followers before convergence, showing the continuity
nd steady of the tracking effect. Fig. 8(F) shows that the consensus errors of 𝑒𝑣𝑥 and 𝑒𝑣𝑦 independently converge at the initial stage.

Then they are stabilized to the origin in finite time at around 15 s as shown in Fig. 8(G).

6. Conclusion

The chattering problem of distributively estimating the time-varying position and velocity of the GCT under the scenario of
TECP is considered in this work. The occurrence of chattering can detrimentally affect robotic systems, leading to a loss of

ontrol precision, heightened wear of robotic components, and increased power consumption. In response, this work introduces
two continuous estimators to mitigate chattering during the estimation phase, deviating from SOTA approaches that directly feed
forward the estimated position and velocity of the GCT to the enclosing controller. Both theoretical analysis and simulation results
emonstrate that the proposed estimator can precisely and continuously track the real GCT in finite time.

Some open problems may be considered in the future. For example, how to relax the assumptions to meet realistic constraints,
ow to enclosing multiple targets in the three-dimension space, and so on. Future endeavors may also focus on exploring more
ealistic sensing methods (e.g. time-varying topology of both communication and observation), extending the investigation to
ncompass more complex robot dynamics, and conducting physical experiments to evaluate the potential application on real robotic

swarms.
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