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Abstract 

In this paper, a model-free off-policy reinforcement learning (RL) algorithm is proposed to address 
the optimal tracking control (OTC) problem for discrete-time Markov jump linear systems (MJLSs). The 
tracking reference signal is firstly augmented into discrete-time MJLSs, whereby the original tracking 
control problem is converted to the optimal control problem of the augmented system. The corresponding 
augmented coupled game algebraic Riccati equation (ACGARE) is then derived. On this basis, an online 
RL algorithm is developed to solve the OTC problem by using the policy iteration (PI) technique. Then, 
a novel model-free method is proposed, which eliminates the requirement of the system dynamics and 
transition probability. Finally, a simulation example is provided to prove the convergence and validate 
the effectiveness of the proposed algorithm. 
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. Introduction 

Over the last decades, Markov jump linear systems (MJLSs) have attracted tremendous
ttention, due to its potential applications in networked control [1] , medical prognosis [2] and
ower circuit systems [3] , etc. In the actual MJLSs, one key challenge in controlling is the
xistence of transition probabilities of the jumping process [4,5] . In general, it is difficult
n practice to acquire knowledge of these probabilities and dynamics. Although some re-
ent publications, such as synchronization [6,7] , robust control [8,9] and finite-time control
10,11] have proposed different solutions for MJLSs with partially unknown transition prob-
bilities, the relevant control problems with completely unknown probabilities and dynamics
re still challenging. And in this paper, we will try to develop a fully model-free algorithm
or MJLSs. 

The optimal tracking, aiming at controlling the system states to track a predefined refer-
nce signal and minimizing the tracking error [12,13] , has been more and more important in
ndustrial scenarios, such as single-link robot arms [14] , underwater vehicles [15] and sensor
etworks [16] , etc. Adaptive dynamic programming (ADP) schemes [17–19] and reinforce-
ent learning (RL) methods [20,21] have been effectively utilized in the optimal control

esigns. Traditionally, the solutions of the ADP-based tracking problems consist of two com-
onents: the steady-state control input and the feedback control input [22,23] . However, most
f these traditional approaches require perfect information of system dynamics. An augmen-
ation technique is therefore introduced for the optimal tracking control (OTC) problem such
hat the complete information of system dynamics is not necessarily provided. In recent years,
y augmentation techniques, some ADP-based approaches have been studied to address the
TC problem [24,25] with partially or completely unknown dynamics. 

On the other hand, within the research scope of iteration RL methods, policy iteration
PI) algorithm [26–28] is a main iteration way. Since the essence of the OTC problem is
o solve the algebraic Riccati equation (ARE), the PI technique therefore starts with a non-
ptimal control policy and iteratively alternates between evaluation and improvement steps to
nd the optimal solution of the ARE. In recent decades, the PI technique has been widely
pplied to the OTC problem [29,30] . However, despite these achievements, very few learning
lgorithms have been proposed for the OTC problem of MJSs. To our best knowledge, the
TC problem for continuous-time MJLSs was studied in [31] without using the transition
robability and partial dynamics. Another OTC problem solution for nonlinear discrete-time
JSs was presented without requiring the system dynamics [32] , where the ADP-learning

rocess was implicitly implemented by neural networks. However, the theoretical analysis of
tability and convergence needs further investigation. In fact, for the OTC problem of MJSs,
he elimination of the dependence on system dynamics and transition probability has not been
olved yet. In this paper, we attempt to use the model-free off-policy RL algorithm for solving
uch OTC problem in MJSs. 

To obviate the requirement for the system dynamics, an off-policy method based on RL was
roposed [33,34] . The off-policy algorithm not only solves the optimal solution of complex
quations but also avoids the inaccuracy that may be caused by the system identification. For
olving the OTC problem, a model-free off-policy algorithm was presented [35] . 

Motivated by aforementioned discussions, we will develop a model-free off-policy RL
lgorithm to address the OTC problem for MJLSs without using the any information of system
ynamics. In this paper, we firstly construct an augmented system composed of the original
ystem dynamics and the reference trajectory dynamics. Then, an augmented coupled game
2362 
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lgebraic Riccati equation (ACGARE) is derived, i.e., the tracking problem is converted to the
ptimal control problem based on the augmentation technique. Finally, a model-free approach
s presented to solve ACGARE without requiring the information of system dynamics and
ransition probability. 

The main contributions can be listed as follows: 

(1) By building an augmented system, the OTC problem of the original system is converted
to the optimal control problem of the augmented system. This augmentation technique
can reduce the complexity of calculation. 

(2) A fully model-free off-policy RL algorithm is proposed to solve the ACGARE for
MJLSs, without using any information of the system dynamics and transition probability.

(3) The stochastic stability and convergence of the developed algorithms for the OTC prob-
lem of discrete-time MJLSs are still proved. Besides, a simulation result is presented to
verify the correctness and effectiveness of the proposed algorithm. 

The structure of this paper can be arranged into five parts. In Section II, we introduce
he discrete-time MJLSs, build the augmented system, and derive the ACGARE by the
amiltonian-Bellman equation. In Section III, two RL methods are proposed to solve the

elevant OTC problem. In Section IV, a simulation example is shown to verify the validity of
he proposed algorithms. Finally, a brief conclusion is provided in Section V. 

. Problem formulation 

.1. System statement 

Consider the following discrete-time MJLSs as 

x k+1 = A (τ (k)) x k + B(τ (k)) u k 

y k = C(τ (k)) x k 
(1)

here x k ∈ � 

n is the state vector, u k ∈ � 

m is the controlled input, y k ∈ � 

q is the measured
utput. A (τ (k)) , B(τ (k)) and C(τ (k)) are coefficient matrices. τ (k) is a discrete-time Markov
hain, which belongs to a finite set S = { 1 , 2, · · · , m} . We assume that τ (k) is independent
f the initial state x 0 . The transition probability matrix is described as 

 rob = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

π11 π12 · · · π1 m 

π21 π22 · · · π2m 

. . . 
. . . 

. . . 
. . . 

πm1 πm2 · · · πmm 

⎤ 

⎥ ⎥ ⎥ ⎦ 

, (2)

nd the elements in (2) can be represented as 

i j = P rob { τ (k + 1) = j| τ (k) = i} , (3)

hich indicates the jumping probability from the current mode i to the next mode j. Note that
i j ≥ 0, ∀ i, j ∈ S and 

∑ m 

j=1 πi j = 1 . For simplification, A (τ (k)) , B(τ (k)) , C(τ (k)) , Q(τ (k))

nd R(τ (k)) can be equivalently represented by A i , B i , C i , Q i and R i for τ (k) = i in the
ollowing sections. 

For discrete-time tracking problems, our control purpose is to generate the optimal strategy
uch that not only the system output can be ensured to track the reference signal, but also
2363 
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he system stability is guaranteed while minimizing the following performance index as 

 (x k , r k ) = E 

[ ∞ ∑ 

z= k 

U z 

]

= E 

[ ∞ ∑ 

z= k 

[(C i x z − r z ) 
T Q i (C i x z − r z ) + u 

T 
z R i u z ] 

]
, (4)

here Q i > 0 and R i ≥ 0 are two symmetric weighted matrices. U z is the utility function at
ime step z. 

.2. Augmented system for the OTC problem 

Before moving on, the following assumption is important to the main results. 

ssumption 1. The reference signal r k can be tracked by the system (1) , which is described
s 

 k+1 = F r k , (5)

here F is the drift dynamic. 

For system (1) and the desired trajectory (5) , we can construct the augmented system as 

 k+1 = 

[
x k+1 

r k+1 

]
= 

[
A i 0 

0 F 

][
x k 
r k 

]
+ 

[
B i 

0 

]
u k 

� T i X k + B 1 i u k , (6)

here X k = 

[
x T k r T k 

]T 
is the aggregated state of the augmented system and 

 i = 

[
A i 0 

0 F 

]
, B 1 i = 

[
B i 

0 

]
. 

Considering the controlled input u k = −K i X k , Eq. (4) can be rewritten as 

 k = V (X k ) = E 

[ ∞ ∑ 

z= k 

(X 

T 
z Q 1 i X z + u 

T 
z R i u z ) 

]

= E 

[ ∞ ∑ 

z= k 

(X 

T 
z (Q 1 i + K 

T 
i R i K i ) X z 

]

= E (X 

T 
k P i X k ) , (7)

here Q 1 i = C 

T 
1 i Q i C 1 i with C 1 i = 

[
C i −I 

]
. 

emark 1. By constructing the augmented system (6) , the tracking problem of the initial sys-
em is converted to the optimal control problem of the augmented system. This augmentation
echnique greatly reduces the complexity of calculation. 

emark 2. The existing approaches of the OTC problem usually require the system dynam-
cs [22,29] . Therefore they cannot be directly applied to these systems whose dynamics are
oth prior unknown and unavailable during the controlling process. Especially for stochas-
ic systems, the transition probabilities of these systems are difficult to obtain in practice.
2364 
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egarding those problems, we will develop an off-policy RL algorithm based on the augmen-
ation technique, without using any prior knowledge of the system dynamics and transition
robability. 

.3. Bellman equation and ACGARE for the OTC problem 

The following theorem derives the Bellman equation and ACGARE of (7) , which will be
he basis of our main results. 

heorem 1. After augmentation, the OTC problem for the augmented system (6) can be solved
y using the following ACGARE 

 i = T T i 

( m ∑ 

j=1 

πi j P j 

)
T i + Q 1 i − T T i 

( m ∑ 

j=1 

πi j P j 

)
B 1 i 

[
B 

T 
1 i 

×
( m ∑ 

j=1 

πi j P j 

)
B 1 i + R i 

]
−1 B 

T 
1 i 

( m ∑ 

j=1 

πi j P j 

)
T i . (8)

roof. According to (7) , one has 

 (X k ) = E 

[
X 

T 
k Q 1 i X k + u 

T 
k R i u k + 

∞ ∑ 

z= k+1 

(X 

T 
z Q 1 i X z + u 

T 
z R i u z ) 

]
, (9)

hich yields 

 (X k ) = E 

[
X 

T 
k Q 1 i X k + u 

T 
k R i u k 

]
+ V (X k+1 ) . (10)

Substituting (7) into (10) , we obtain the Bellman equation as 

 

T 
k P i X k = X 

T 
k Q 1 i X k + u 

T 
k R i u k + X 

T 
k+1 

( m ∑ 

j=1 

πi j P j 

)
X k+1 . (11)

Next, the augmented Hamiltonian function can be defined as 

 (X k , u k ) = X 

T 
k Q 1 i X k + u 

T 
k R i u k + X 

T 
k+1 

( m ∑ 

j=1 

πi j P j 

)
X k+1 − X 

T 
k P i X k . (12)

Applying the stationary condition according to [36] , we have 

∂ H (X k , u k ) 

∂ u k 
= 2R i u k + 2B 

T 
1 i 

( m ∑ 

j=1 

πi j P j 

)
X k+1 = 0. (13)

To this end, the optimal controller is obtained as 

 

∗
k = − K 

∗
i X k 

= −
[

R i + B 

T 
1 i 

( m ∑ 

j=1 

πi j P j 

)
B 1 i 

]
−1 B 

T 
1 i 

( m ∑ 

j=1 

πi j P j 

)
T i X k . (14)

Substituting (14) into (11) , we can derive (8) . This completes the proof. �
2365 
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. Main results 

In this section, two algorithms are developed to address the OTC problem for MJLSs.
irstly, the PI technique is applied to derive a unique solution of the ACGARE in (8) . Sub-
equently, an online optimization algorithm for solving the OTC problem is summarized by
ssuming the dynamic knowledge of the system without requiring the transition probability
n subsection 3.1 . To eliminate the usage of system dynamics, a fully model-free off-policy
L algorithm is further developed based on the analysis of the online optimization algorithm

n subsection 3.2 . 
Inspired by the PI technique, the ACGARE in (8) can be iteratively solved by the following

heorem. 

heorem 2. The solution matrix P 

η+1 
i generated by the following two-step iteration equa-

ions (15) and (16) , which converge to the unique positive-definite solution of (8) , that is,
im k→∞ 

P 

η
i = P 

∗
i . 

 

T 
k P 

η+1 
i X k = X 

T 
k Q 1 i X k + (u 

η

k ) 
T R i u 

η

k + X 

T 
k+1 ×

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
X k+1 , (15)

 

η+1 
i = −

[
R i + B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η
j 

)
B 1 i 

]
−1 × B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η
j 

)
T i . (16)

roof. Substituting the control policy u 

η

k = −K 

η
i X k into the Bellman Eq. (15) , we have 

 

T 
k P 

η+1 
i X k = X 

T 
k T 

T 
i 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
T i X k + X 

T 
k Q 1 i X k 

− X 

T 
k T 

T 
i 

( m ∑ 

j=1 

πi j P 

η
j 

)
B 1 i 

[
B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η
j 

)
B 1 i + R i 

]
−1 B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η
j 

)
T i X k , (17)

Recalling to the results of the monotonic convergence of positive operators [37] , we take
imit on both sides of (17) and consider that l im k→∞ 

P 

η
i = l im k→∞ 

P 

η+1 
i = P 

∞ 

i . Then, we can
et 

 

T 
k P 

∞ 

i X k = X 

T 
k T 

T 
i 

( m ∑ 

j=1 

πi j P 

∞ 

j 

)
T i X k + X 

T 
k Q 1 i X k − X 

T 
k T 

T 
i 

×
( m ∑ 

j=1 

πi j P 

∞ 

j 

)
B 1 i 

[
B 

T 
1 i ( 

m ∑ 

j=1 

πi j P 

∞ 

j ) B 1 i + R i 

]
−1 × B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

∞ 

j 

)
T i X k . (18)

Simplifying (18) , we have 

 

∞ 

i = T T i 

( m ∑ 

j=1 

πi j P 

∞ 

j 

)
T i + Q 1 i − T T i 

( m ∑ 

j=1 

πi j P 

∞ 

j 

)
B 1 i 

[
B 

T 
1 i 

×
( m ∑ 

j=1 

πi j P 

∞ 

j 

)
B 1 i + R i 

]
−1 B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

∞ 

j 

)
T i . (19)
2366 
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It can be easily seen that Eqs. (8) and (19) have the same form. Since P 

∗
i is the unique

olution of (8) , we have lim k→∞ 

P 

η
i = P 

∗
i . The proof is completed. �

.1. Online optimization algorithm 

In this section, an online RL method is implemented to address the OTC problem. 
Based on Kronecker production, we have 

T W � = (�T 
� � 

T ) vec(W ) , (20)

here � ∈ � 

t , � ∈ � 

z and W ∈ � 

t×z . vec(·) is defined as a function, which stacks the columns
nto a single vector. 

The Bellman Eq. (15) can be rewritten as 

(X 

T 
k � X 

T 
k ) vec( P i 

η+1 ) − (X 

T 
k+1 � X 

T 
k+1 ) vec 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)

= X 

T 
k Q 1 i X k + (u 

η

k ) 
T R i u 

η

k , (21)

Using least-square (LS) method, P 

η+1 
i and K 

η+1 
i can be obtained simultaneously. For the

ositive integer s ≥ n 

2 , one defines 

η
i = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

X 

T 
k Q 1 i X k + X 

T 
k (K 

η
i ) 

T R i K 

η
i X k 

X 

T 
k+1 Q 1 i X k+1 + X 

T 
k+1 (K 

η
i ) 

T R i K 

η
i X k+1 

. . . 
X 

T 
k+ s−1 Q 1 i X k+ s−1 + X 

T 
k+ s−1 (K 

η
i ) 

T R i K 

η
i X k+ s−1 

⎤ 

⎥ ⎥ ⎥ ⎦ 

, (22)

η
i = 

⎡ 

⎢ ⎢ ⎢ ⎣ 


(1) X X 
(1) X X 1 


(2) X X 
(2) X X 1 

. . . 
. . . 


(s) X X 
(s) X X 1 

⎤ 

⎥ ⎥ ⎥ ⎦ 

, (23)

here 

(a) X X = (X 

T 
k+ a−1 � X 

T 
k+ a−1 ) , 

(a) X X 1 = −(X 

T 
k+ a � X 

T 
k+ a ) , a = (1 , 2, · · · , s) . 

Define the unknown matrices in the Bellman Eq. (21) as 

η
i = 

[
vec(ω 

η+1 
1 i ) T vec(ω 

η+1 
2i ) T 

]T 
, (24)

here ω 

η+1 
1 i = P 

η+1 
i , ω 

η+1 
2i = 

∑ m 

j=1 πi j P 

η+1 
j . 

Based on (21) - (24) , one has 
η
i �

η
i = �

η
i . (25)

To this end, (25) can be solved by the LS method shown as 

η
i = 

[
(	

η
i ) 

T 	
η
i 

]
−1 (	

η
i ) 

T �
η
i . (26)
2367 
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Using �
η
i , the gain K 

η+1 
i can be obtained as 

 

η+1 
i = 

(
R i + B 

T 
1 i ω 

η+1 
2i B 1 i 

)
−1 B 

T 
1 i ω 

η+1 
2i T i . (27)

The online learning algorithm is summarized in Algorithm 1 . Notice that Algorithm 1 can

Algorithm 1: Online PI algorithm for discrete-time MJLSs. 

Input: Give the stabilizing control policies u 

0 
i = −K 

0 
i X k and an arbitrarily small 

constant ε. 
Output: The optimal control policy K 

∗
i . 

1 η ← 0 ; 
2 while η � 0 do 

3 for i ← 1 to m do 

4 Solve for 

�
η
i = 

[
(	

η
i ) 

T 	
η
i 

]−1 (	
η
i ) 

T �
η
i . 

Calculate P 

η+1 
i and update K 

η+1 
i 

P 

η+1 
i = ω 

η+1 
1 i , 

K 

η+1 
i = 

(
R i + B 

T 
1 i ω 

η+1 
2i B 1 i 

)−1 B 

T 
1 i ω 

η+1 
2i T i . 

if max ‖ P 

η+1 
i − P 

η
i ‖ ≥ ε then 

5 η ← η + 1 ; 
6 else 
7 

K 

∗
i = K 

η+1 
i ;

break ; 

8 Return K 

∗
i . 

btain the optimal control policies without using the knowledge of transition probability; but
t requires the augmented system dynamics (T i , B 1 i ) . To obviate the requirement for system
ynamics, a fully model-free approach is proposed to address the OTC problem in next
ubsection. 

.2. Model-free off-policy RL algorithm 

Based on Algorithm 1 , this section presents a novel model-free algorithm. In this algorithm,
e assume the optimal control policies cannot get access to the system dynamics and transition
robability. In this algorithm, we rewrite the system (6) as 

 k+1 = (T i − B 1 i K 

η
i ) X k + B 1 i (u k + K 

η
i X k ) . (28)

Based on (28) , we have 

X 

T 
k P 

η+1 
i X k − X 

T 
k+1 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
X k+1 
2368 
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 X 

T 
k P 

η+1 
i X k − X 

T 
k (T i − B 1 i K 

η
i ) 

T 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
(T i − B 1 i K 

η
i ) X k 

− (u k + K 

η
i X k ) 

T B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
(T i − B 1 i K 

η
i ) X k 

− (u k + K 

η
i X k ) 

T B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
X k+1 . (29)

Then, we derive the following Lyapunov equation by (15) 

 = Q 1 i + (K 

η
i ) 

T R i K 

η
i − P 

η+1 
i + (T i − B 1 i K 

η
i ) 

T 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
(T i − B 1 i K 

η
i ) . (30)

Based on (30) , Eq. (29) can be rewritten as 

X 

T 
k P 

η+1 
i X k − X 

T 
k+1 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
X k+1 

 X 

T 
k Q 1 i X k + X 

T 
k (K 

η
i ) 

T R i K 

η
i X k − (u k + K 

η
i X k ) 

T B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)

× (T i − B 1 i K 

η
i ) X k − (u k + K 

η
i X k ) 

T B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
X k+1 

 X 

T 
k Q 1 i X k + X 

T 
k (K 

η
i ) 

T R i K 

η
i X k − (u k + K 

η
i X k ) 

T B 

T 
1 i 

×
( m ∑ 

j=1 

πi j P 

η+1 
j 

)
T i X k + (u k + K 

η
i X k ) 

T B 

T 
1 i 

×
( m ∑ 

j=1 

πi j P 

η+1 
j 

)
B 1 i K 

η
i X k − (u k + K 

η
i X k ) 

T B 

T 
1 i 

×
( m ∑ 

j=1 

πi j P 

η+1 
j 

)
T i X k + (u k + K 

η
i X k ) 

T B 

T 
1 i 

×
( m ∑ 

j=1 

πi j P 

η+1 
j 

)
B 1 i K 

η
i X k − (u k + K 

η
i X k ) 

T B 

T 
1 i 

×
( m ∑ 

j=1 

πi j P 

η+1 
j 

)
B 1 i u k − (u k + K 

η
i X k ) 

T B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
B 1 i K 

η
i X k 

 X 

T 
k Q 1 i X k + X 

T 
k (K 

η
i ) 

T R i K 

η
i X k − 2(u k + K 

η
i X k ) 

T B 

T 
1 i 

×
( m ∑ 

j=1 

πi j P 

η+1 
j 

)
T i X k + (u k + K 

η
i X k ) 

T B 

T 
1 i 

×
( m ∑ 

j=1 

πi j P 

η+1 
j 

)
B 1 i (K 

η
i X k − u k ) (31)
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=  

 

2  

b
2

�  

�  

w

�

�

�

�

�  

w

θ

θ

θ

Similar to (20) , Eq. (31) can be represented as 

(X 

T 
k � X 

T 
k ) vec(P 

η+1 
i ) − (X 

T 
k+1 � X 

T 
k+1 ) vec 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)

+ 2 

[
X 

T 
k � (u k + K 

η
i X k ) 

T 

]
vec 

[
B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
T i 

]
−

[
(K 

η
i 

× X k − u k 

)
T 

� (K 

η
i X k + u k ) 

T 

]
vec 

[
B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
B 1 i 

]

 X 

T 
k Q 1 i X k + X 

T 
k (K 

η
i ) 

T R i K 

η
i X k . (32)

Using LS method, P 

η+1 
i and K 

η+1 
i can be obtained simultaneously. The Bellman Eq. (32) has

n 

2 + mn + m 

2 unknown parameters. Therefore, at least 2n 

2 + mn + m 

2 data sets are provided
efore Eq. (32) can be solved by using LS method. For a certain positive integer l(l ≥
n 

2 + mn + m 

2 ) , we define the following equalities 

η
i = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

X 

T 
k Q 1 i X k + X 

T 
k (K 

η
i ) 

T R i K 

η
i X k 

X 

T 
k+1 Q 1 i X k+1 + X 

T 
k+1 (K 

η
i ) 

T R i K 

η
i X k+1 

. . . 
X 

T 
k+ l−1 Q 1 i X k+ l−1 + X 

T 
k+ l−1 (K 

η
i ) 

T R i K 

η
i X k+ l−1 

⎤ 

⎥ ⎥ ⎥ ⎦ 

, (33)

 

η
i = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

�(1) X X �(1) X X 1 �(1) X u �(1) uu 

�(2) X X �(2) X X 1 �(2) X u �(2) uu 
. . . 

. . . 
. . . 

. . . 
�(l ) X X �(l ) X X 1 �(l ) X u �(l ) uu 

⎤ 

⎥ ⎥ ⎥ ⎦ 

, (34)

here 

(a) X X = (X 

T 
k+ a−1 � X 

T 
k+ a−1 ) , 

(a) X X 1 = −(X 

T 
k+ a � X 

T 
k+ a ) , 

(a) X u = 2 

[
X 

T 
k+ a−1 � (K 

η
i X k+ a−1 + u k+ a−1 ) 

T 

]
, 

(a) uu = −
[
(K 

η
i X k+ a−1 − u k+ a−1 ) 

T 
� (K 

η
i X k+ a−1 + u k+ a−1 ) 

T 

]
, a = (1 , 2, · · · , l ) . 

Define the unknown matrices in equation (32) as 

η
i = 

[
vec(θ

η+1 
1 i ) T vec(θ

η+1 
2i ) T vec(θ

η+1 
3 i ) T vec(θ

η+1 
4i ) T 

]T 
, (35)

here 
η+1 
1 i = P 

η+1 
i , 

η+1 
2i = 

m ∑ 

j=1 

πi j P 

η+1 
j , 

η+1 
3 i = B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
T i , 
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θ

�  

T

r  

�  

P
a  

(
(  

s

K  

T  

T

P  

d  

A  

(  

t

R  

s  

i  

c  

s  

a  

s

4

 

p  

o

η+1 
4i = B 

T 
1 i 

( m ∑ 

j=1 

πi j P 

η+1 
j 

)
B 1 i . 

Based on (32) - (35) , one has 

 

η
i �

η
i = �

η
i , (36)

Considering the form of (36), we use LS method to solve it in Theorem 3. 

heorem 3. If there exists a positive l 0 > 0, the following condition satisfies ∀ l ≥ l 0 : 

ank(� 

η
i ) = 2n 

2 + nm + m 

2 . (37)

If � 

η
i have column full rank, (36) can be directly presented as 

η
i = 

[
(� 

η
i ) 

T 
� 

η
i 

]
−1 (� 

η
i ) 

T �
η
i . (38)

roof. Assuming that (36) has two different solutions �η

1 i and �
η

2i , we have � 

η
i �

η

1 i = �
η
i 

nd � 

η
i �

η

2i = �
η
i . Subtracting two matrix equations, we have � 

η
i (�

η

1 i − �
η

2i ) = 0. Notice from
37) that � 

η
i has column full rank, � 

η
i (�

η

1 i − �
η

2i ) = 0 has the unique solution �
η

1 i − �
η

2i = 0
or �η

1 i = �
η

2i ). However, this result contradicts our assumption. Therefore, (19) has the unique
olution by solving (38) . This completes the proof. �

Using �
η
i , the gain K 

η+1 
i can be obtained by: 

 

η+1 
i = 

(
R i + θ

η+1 
4i 

)
−1 θ

η+1 
3 i . (39)

heorem 4. Given the initial stabilizing values K 

0 
i , when the condition of Theorem 2 and

heorem 3 hold, the solutions of (38) are equivalent to the optimal solutions of (8) . 

roof. Set the initial stabilizing values K 

0 
i . According to Theorem 2, if there exists a positive-

efinite solution P 

η
i = (P 

η
i ) 

T satisfying (8) , K 

η
i can be obtained by the policy iteration in

lgorithm 2 . Then, (31) is deduced if the solution of (28) is solved by (15) and (16) . Besides,
31) accords with (38) based on Theorem 3. Thus, the solutions of Eq. (38) are equivalent to
he optimal solutions of (8) . This completes the proof. �

emark 3. By Theorem 3 and Theorem 4, the proposed Algorithm 2 can iteratively
olve (38) without involving any knowledge of system dynamics and transition probabil-
ty. Algorithm 2 contains two steps. In the first step, in (38) , the gains θη+1 

1 i through θ
η+1 
4i are

alculated by using the measured data �η
i and � 

η
i (see equalities (33) and (34) ). In the second

tep, the control strategy is updated by using the gains learned in the first step. Moreover, this
lgorithm allows us to conduct in-depth studies of other hybrid systems [38–41] or nonlinear
ystems [42–45] . 

. Numerical example 

In this part, a simulation example is shown to verify the property and validity of the
roposed algorithm. Here, the Markov process { τ (k) , k ≥ 0} used in the simulation consists
f two modes of MJSs. The dynamics of these systems are set as follows: 
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Algorithm 2: Model-free off-policy algorithm for discrete-time MJLSs. 

Input: Give the stabilizing control policies u 

0 
i = −K 

0 
i X k + ˆ e 

( ˆ e is the explosion signal 
employed in [0, η ˆ e ] 

)
and an arbitrarily small constant ε. 

Output: The optimal control policy K 

∗
i . 

1 η ← 0; 
2 while η � 0 do 

3 for i ← 1 to m do 

4 if η > η ˆ e then 

5 ˆ e = 0 ; 
6 Solve for 

�
η
i = 

[
(� 

η
i ) 

T 
� 

η
i 

]−1 (� 

η
i ) 

T �
η
i . 

Calculate P 

η+1 
i and update K 

η+1 
i 

P 

η+1 
i = θ

η+1 
1 i , 

K 

η+1 
i = 

(
R i + θ

η+1 
4i 

)−1 θ
η+1 
3 i . 

if max ‖ P 

η+1 
i − P 

η
i ‖ ≥ ε then 

7 η ← η + 1 ; 
8 else 
9 

K 

∗
i = K 

η+1 
i ;

break ; 

10 Return K 

∗
i . 

A

C

A

C

 

m  

i

�

Mode 1 : 

 1 = 

[
1 . 00000 0. 10000 

−0. 03270 0. 80000 

]
, B 1 = 

[
0 

0. 03333 

]
, 

 1 = 

[
1 . 00000 1 . 00000 

]
, R 1 = 1 , Q 1 = 1 . 

Mode 2 : 

 2 = 

[
1 . 00000 0. 10000 

−0. 07358 0. 85000 

]
, B 2 = 

[
0 

0. 02500 

]
, 

 2 = 

[
1 . 00000 1 . 00000 

]
, R 2 = 1 , Q 2 = 1 . 

Regarding the reference signal r k+1 = F r k , we set F = 0. 94. The initial states of the aug-
ented system are given as X 

0 
1 = X 

0 
2 = 

[
1 −1 1 

]T 
and the transition probability matrix

s: 

= 

[
0. 3 0. 7 

0. 7 0. 3 

]
. 
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Fig. 1. The optimal values of P of f 
i and the convergence. 

 

s

P

P

a

K

K

 

G  

P

P

P

a

Firstly, the online learning Algorithm 1 is implemented to solve the ACGARE, and the
imulation results show that the values of P i finally converge to 

 1 = 

⎡ 

⎣ 

0. 45593156 0. 56378728 −0. 50928221 

0. 56378728 0. 66240760 −0. 61362200 

−0. 50928221 −0. 61362200 0. 56145152 

⎤ 

⎦ , 

 2 = 

⎡ 

⎣ 

0. 47604179 0. 55489969 −0. 51905281 

0. 55489969 0. 63010383 −0. 59638985 

−0. 51905281 −0. 59638985 0. 56150113 

⎤ 

⎦ , 

nd the control gains K i converge to 

 1 = 

[−0. 01584223 −0. 01219772 0. 01399581 

]
, 

 2 = 

[−0. 01145101 −0. 00948805 0. 01036660 

]
. 

Secondly, the model-free off-policy RL Algorithm 2 is implemented to solve the AC-
ARE. Select u 

0 
i = −K 

0 
i X k + ˆ e and set ˆ e = 0. 1 ̂  e −0. 01 t sin (30t ) + 0. 1 sin (10t ) . The values of

 

of f 
i matrices converge to 

 

of f 
1 = 

⎡ 

⎣ 

0. 45591266 0. 56391543 −0. 50927506 

0. 56391543 0. 66256976 −0. 61372715 

−0. 50927506 −0. 61372715 0. 56145159 

⎤ 

⎦ , 

 

of f 
2 = 

⎡ 

⎣ 

0. 47602836 0. 55496709 −0. 51904733 

0. 55496709 0. 63020357 −0. 59644908 

−0. 51904733 −0. 59644908 0. 56150115 

⎤ 

⎦ , 

nd the control gains K 

of f 
i converge to 
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Fig. 2. The optimal values of K 

of f 
i and the convergence. 

Fig. 3. The system states and the jumping modes. 
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Fig. 4. The output tracks reference trajectories and the tracking errors. 

K

K

 

s  

t  

A  

i  

t  

i  

b  

r  

t  

c

5

 

O  

o  
 

of f 
1 = 

[−0. 01583684 −0. 01219152 0. 01399142 

]
, 

 

of f 
2 = 

[−0. 01144900 −0. 00948534 0. 01036485 

]
. 

Algorithm 1 is implemented to solve the ACGARE, which requires the knowledge of the
ystem dynamics (T i , B 1 i ) , whereas Algorithm 2 also achieves almost the same solution of
he ACGARE with completely unknown dynamics and transition probability. It seems that
lgorithm 2 is more efficient than Algorithm 1 at the same number of iteration steps. As

n Algorithm 2, Fig. 1 shows that the parameters of P 

of f 
i converge to the stable value after

wo iterations. Fig. 2 shows that the control gain K i converge to the stable value after two
terations. Fig. 3 shows the system states and the jumping modes, where all states are shown to
e stabilized and converged to zero by the designed controller. In Fig. 4 , the output tracks the
eference signal and the tracking error tends to zero. Especially at 0.3s, the output gradually
racks the reference trajectory; when the number of iteration steps increases, the two curves
onverge to a stable value. 

. Conclusion 

In this study, a fully model-free off-policy RL algorithm has been proposed to address the
TC problem for discrete-time MJLSs. By constructing the augmented system, we design the
ff-policy RL algorithm to solve the ACGARE. The advantage is that we do not need any
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nowledge of system dynamics and transition probability. The simulation results verify the
onvergence of the proposed algorithm, which show that the given reference signal has been
ell-tracked by the optimal controller iteratively derived from the proposed algorithm. 
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