,.) Available online at www.sciencedirect.com

Check for ScienceDirect

Journal of the Franklin Institute 360 (2023) 2361-2378
www.elsevier.com/locate/jfranklin

Off-policy reinforcement learning for tracking control
of discrete-time Markov jump linear systems with
completely unknown dynamics

Zhen Huang?, Yidong Tu? Haiyang Fang®, Hai Wang®, Liang Zhang?,
Kaibo ShiY, Shuping He®*

2Key Laboratory of Intelligent Computing and Signal Processing (Ministry of Education), School of Electrical
Engineering and Automation, Hefei 230601, China
® Department of Mechanical and Automation Engineering, The Chinese University of Hong Kong, Hong Kong
¢ Discipline of Engineering and Energy, Centre for Water, Energy & Waste, Harry Butler Institute, Murdoch
University, Perth, WA6150, Australia
4School of Electronic Information and Electrical Engineering, Chengdu University, Chengdu 610106, China

Received 16 July 2022; received in revised form 28 September 2022; accepted 28 October 2022
Available online 9 November 2022

Abstract

In this paper, a model-free off-policy reinforcement learning (RL) algorithm is proposed to address
the optimal tracking control (OTC) problem for discrete-time Markov jump linear systems (MJLSs). The
tracking reference signal is firstly augmented into discrete-time MJLSs, whereby the original tracking
control problem is converted to the optimal control problem of the augmented system. The corresponding
augmented coupled game algebraic Riccati equation (ACGARE) is then derived. On this basis, an online
RL algorithm is developed to solve the OTC problem by using the policy iteration (PI) technique. Then,
a novel model-free method is proposed, which eliminates the requirement of the system dynamics and
transition probability. Finally, a simulation example is provided to prove the convergence and validate
the effectiveness of the proposed algorithm.
© 2022 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Over the last decades, Markov jump linear systems (MJLSs) have attracted tremendous
attention, due to its potential applications in networked control [1], medical prognosis [2] and
power circuit systems [3], etc. In the actual MJLSs, one key challenge in controlling is the
existence of transition probabilities of the jumping process [4.5]. In general, it is difficult
in practice to acquire knowledge of these probabilities and dynamics. Although some re-
cent publications, such as synchronization [6,7], robust control [8,9] and finite-time control
[10,11] have proposed different solutions for MJLSs with partially unknown transition prob-
abilities, the relevant control problems with completely unknown probabilities and dynamics
are still challenging. And in this paper, we will try to develop a fully model-free algorithm
for MJLSs.

The optimal tracking, aiming at controlling the system states to track a predefined refer-
ence signal and minimizing the tracking error [12,13], has been more and more important in
industrial scenarios, such as single-link robot arms [14], underwater vehicles [15] and sensor
networks [16], etc. Adaptive dynamic programming (ADP) schemes [17-19] and reinforce-
ment learning (RL) methods [20,21] have been effectively utilized in the optimal control
designs. Traditionally, the solutions of the ADP-based tracking problems consist of two com-
ponents: the steady-state control input and the feedback control input [22,23]. However, most
of these traditional approaches require perfect information of system dynamics. An augmen-
tation technique is therefore introduced for the optimal tracking control (OTC) problem such
that the complete information of system dynamics is not necessarily provided. In recent years,
by augmentation techniques, some ADP-based approaches have been studied to address the
OTC problem [24,25] with partially or completely unknown dynamics.

On the other hand, within the research scope of iteration RL methods, policy iteration
(PD) algorithm [26-28] is a main iteration way. Since the essence of the OTC problem is
to solve the algebraic Riccati equation (ARE), the PI technique therefore starts with a non-
optimal control policy and iteratively alternates between evaluation and improvement steps to
find the optimal solution of the ARE. In recent decades, the PI technique has been widely
applied to the OTC problem [29,30]. However, despite these achievements, very few learning
algorithms have been proposed for the OTC problem of MJSs. To our best knowledge, the
OTC problem for continuous-time MJLSs was studied in [31] without using the transition
probability and partial dynamics. Another OTC problem solution for nonlinear discrete-time
MISs was presented without requiring the system dynamics [32], where the ADP-learning
process was implicitly implemented by neural networks. However, the theoretical analysis of
stability and convergence needs further investigation. In fact, for the OTC problem of MJSs,
the elimination of the dependence on system dynamics and transition probability has not been
solved yet. In this paper, we attempt to use the model-free off-policy RL algorithm for solving
such OTC problem in MJSs.

To obviate the requirement for the system dynamics, an off-policy method based on RL was
proposed [33,34]. The off-policy algorithm not only solves the optimal solution of complex
equations but also avoids the inaccuracy that may be caused by the system identification. For
solving the OTC problem, a model-free off-policy algorithm was presented [35].

Motivated by aforementioned discussions, we will develop a model-free off-policy RL
algorithm to address the OTC problem for MJLSs without using the any information of system
dynamics. In this paper, we firstly construct an augmented system composed of the original
system dynamics and the reference trajectory dynamics. Then, an augmented coupled game
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algebraic Riccati equation (ACGARE) is derived, i.e., the tracking problem is converted to the
optimal control problem based on the augmentation technique. Finally, a model-free approach
is presented to solve ACGARE without requiring the information of system dynamics and
transition probability.

The main contributions can be listed as follows:

(1) By building an augmented system, the OTC problem of the original system is converted
to the optimal control problem of the augmented system. This augmentation technique
can reduce the complexity of calculation.

(2) A fully model-free off-policy RL algorithm is proposed to solve the ACGARE for
MILSs, without using any information of the system dynamics and transition probability.

(3) The stochastic stability and convergence of the developed algorithms for the OTC prob-
lem of discrete-time MJLSs are still proved. Besides, a simulation result is presented to
verify the correctness and effectiveness of the proposed algorithm.

The structure of this paper can be arranged into five parts. In Section II, we introduce
the discrete-time MIJLSs, build the augmented system, and derive the ACGARE by the
Hamiltonian-Bellman equation. In Section III, two RL methods are proposed to solve the
relevant OTC problem. In Section IV, a simulation example is shown to verify the validity of
the proposed algorithms. Finally, a brief conclusion is provided in Section V.

2. Problem formulation
2.1. System statement

Consider the following discrete-time MJLSs as

X1 = A(T (k) xp 4+ B(z (k))uy
i = C(t(k))xi

where x;, € 0" is the state vector, u; € R is the controlled input, y, € N is the measured
output. A(t(k)), B(t(k)) and C(z (k)) are coefficient matrices. 7 (k) is a discrete-time Markov
chain, which belongs to a finite set S = {1, 2, --- ,m}. We assume that 7 (k) is independent
of the initial state xy. The transition probability matrix is described as

ey

Ty T2 s Tim
21 Ty v Tm

Pro = ) (2)
Tl TTm2 tee TCmm

and the elements in (2) can be represented as
mij = Prop{t(k + 1) = jlt (k) = i}, 3)

which indicates the jumping probability from the current mode i to the next mode j. Note that
mi; > 0,Vi,jeS and Z?’:, m;; = 1. For simplification, A(z (k)), B(t (k)), C(t(k)), Q(z(k))
and R(t(k)) can be equivalently represented by A;, B;, C;, Q; and R; for 7(k) =i in the
following sections.

For discrete-time tracking problems, our control purpose is to generate the optimal strategy
such that not only the system output can be ensured to track the reference signal, but also
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the system stability is guaranteed while minimizing the following performance index as
J (o, 1) = E[ZUZ}
z=k

=E [ > I(Cix, — 1) Qi(Cix, — 1) + uZRiuZ]}, )

z=k
where Q; > 0 and R; > 0 are two symmetric weighted matrices. U, is the utility function at
time step z.

2.2. Augmented system for the OTC problem

Before moving on, the following assumption is important to the main results.

Assumption 1. The reference signal r; can be tracked by the system (1), which is described
as

i1 = Fr, (%)
where F is the drift dynamic.
For system (1) and the desired trajectory (5), we can construct the augmented system as
x| A O B;
w=[il= o FR] +[e]
£ TiXy + Buiu, (6)

where X; = [ka rkT]T is the aggregated state of the augmented system and

A O B;
<[ -}

Considering the controlled input u; = —K;X;, Eq. (4) can be rewritten as

Je=VX) = E[Z(XZTQUXZ + uZR,-ua]
z=k

=E [ > &I+ K,TR,»K,-)XZ}

z=k
= E(X¢ PXo), (7

where Qy; = CLQ,Cy; with Cy; =[G —1].

Remark 1. By constructing the augmented system (6), the tracking problem of the initial sys-
tem is converted to the optimal control problem of the augmented system. This augmentation
technique greatly reduces the complexity of calculation.

Remark 2. The existing approaches of the OTC problem usually require the system dynam-
ics [22,29]. Therefore they cannot be directly applied to these systems whose dynamics are
both prior unknown and unavailable during the controlling process. Especially for stochas-
tic systems, the transition probabilities of these systems are difficult to obtain in practice.
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Regarding those problems, we will develop an off-policy RL algorithm based on the augmen-
tation technique, without using any prior knowledge of the system dynamics and transition
probability.

2.3. Bellman equation and ACGARE for the OTC problem
The following theorem derives the Bellman equation and ACGARE of (7), which will be
the basis of our main results.

Theorem 1. After augmentation, the OTC problem for the augmented system (6) can be solved
by using the following ACGARE

m

m
P, =T,-T(Zm,-P,»)T,- + 01— TF(Zm,-P,-)Bn[BL
j=1 j=1
m m
X (Zﬂ,‘jpj>31[ +Ri]_lBT[(Zﬂiij>E- (8)
j=1 j=1

Proof. According to (7), one has

- oo

V(X)) = E| X[ QuXi + w; Ry + Y (XZTQUXZHER,-uz)} ©)
- z=k+1

which yields

V(X)) = E| X QX + UzRiuk] +V (Xis1)- (10)

Substituting (7) into (10), we obtain the Bellman equation as
XIPXi = X 01Xk + w Ry +X,?+1(Zm,-P,~)XkH. (11)
j=1

Next, the augmented Hamiltonian function can be defined as

m

H Xy, ux) = X Q1:Xe + ug Riwg + X <Z7Tiij)Xk+l — X! PXy. (12)
=1

Applying the stationary condition according to [36], we have

OH (Xi, wi)

= 2R:u; + 2BT. P )X = 0. 13
g U 11(;7[} j) k+1 (13)

To this end, the optimal controller is obtained as

MZ = — K,'*Xk
m m
= — |:Ri+B1ri<Zniij>Blii|lBrll",'(Zniij)TiXk- (14)
j=1 j=1

Substituting (14) into (11), we can derive (8). This completes the proof. [
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3. Main results

In this section, two algorithms are developed to address the OTC problem for MIJLSs.
Firstly, the PI technique is applied to derive a unique solution of the ACGARE in (8). Sub-
sequently, an online optimization algorithm for solving the OTC problem is summarized by
assuming the dynamic knowledge of the system without requiring the transition probability
in subsection 3.1. To eliminate the usage of system dynamics, a fully model-free off-policy
RL algorithm is further developed based on the analysis of the online optimization algorithm
in subsection 3.2.

Inspired by the PI technique, the ACGARE in (8) can be iteratively solved by the following
theorem.

Theorem 2. The solution matrix P;’H generated by the following two-step iteration equa-
tions (15) and (16), which converge to the unique positive-definite solution of (8), that is,
limg_, P = P?.

XTP X =XT 01Xk + ) TRu! + X % (Zn,-,ij?*‘)XkH, (15)
j=1

KinJrl == |:Ri + BTi( ZT[UP;]>B“:|_I x BE(Z?T,-,'P;?>7}~ (16)
j=1 j=1
Proof. Substituting the control policy u] = —KX; into the Bellman Eq. (15), we have

m
XIP X, =xITT < Z JTijP}?H) TiXe + X, Q1iXx
=1
m

m m
- X,}TiT(Z nijP}’)B]i[BlTi(Z JrijP;]>Bl,~ + Ri]lBlTi< Z n,»ij>T,»xk, 17)
j=1 j=1

j=1

Recalling to the results of the monotonic convergence of positive operators [37], we take
limit on both sides of (17) and consider that lim_, P, = limkﬁooPl."H = P. Then, we can
get

m
XIPeX, = X! T,.T< Z 7 ij°> X + X! 01X — X[ T"
j=1

m

m m
X <Z7TiijO>Bu|:BlT,~(Z ;P )Bui +Ri:|_1 X BlTi(ZJTijP_/OO)E’Xk- (18)
j=l1 j=1

j=1
Simplifying (18), we have

m m
P = ET(ZNUP?O)E + 01 — ET<Z”UP]‘OO)BU|:BTI'
=1 j=1

m

X <ZﬂijPJ-OO)BIi+Rii|IB};(ZN,‘ijOO>7}. (19)
j=1 j=1
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It can be easily seen that Eqs. (8) and (19) have the same form. Since P is the unique
solution of (8), we have limk_moPi" = P?. The proof is completed. [

3.1. Online optimization algorithm
In this section, an online RL method is implemented to address the OTC problem.
Based on Kronecker production, we have

x'Wo = (x" ® 0" yvec(W), (20)

where x € R, 0 € R and W € R'*%. vec(-) is defined as a function, which stacks the columns
into a single vector.
The Bellman Eq. (15) can be rewritten as

m
X ® Xvec(P™!) — (X[, ®XLJV“(Z%P}7”)

j=1
= X! 01 Xx + W) "R, 1)

Using least-square (LS) method, Pi"Hand Ki"+1 can be obtained simultaneously. For the
positive integer s > n2, one defines

X7 QuiXe + X[ (KT RiK X,
X! 01iXer1 + X (KD RK X1
CD:I _ k+1 v k‘+1 i Uty , (22)
X 101Xt + X (KDTRK X1
[Adxx  Agyxx
Aoxx  Apxx
wi=| L 23)
L Awxx  Agxx!
where
Awxx = Kiamt © Xyam1)s
Awxxt = —XL . ®X D a=(1,2,--- ).
Define the unknown matrices in the Bellman Eq. (21) as
T
Q! = [vec(@!™)T  vec(wl™HT], 24)
where o] = P!, oIt = Y i pT
Based on (21)-(24), one has
vQl =@l 25)
To this end, (25) can be solved by the LS method shown as
QM= | (wHTw! [ e o7 (26)
i i i i i°
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Using 7, the gain "' can be obtained as

2

K = (Rf +Blwy IBH)”BTw;’?'Ti. @7)

The online learning algorithm is summarized in Algorithm 1. Notice that Algorithm 1 can

Algorithm 1: Online PI algorithm for discrete-time MJLSs.
0 _

Input: Give the stabilizing control policies u —K?X; and an arbitrarily small
constant €.
Output: The optimal control policy K;*.
17«03
2 while n > 0 do
3 | fori<«1to mdo

4 Solve for
Q= [wH ! (whHT !
Calculate P/*" and update K"
=0y
K" = (R + Blw) ' By) ' Bl T,

if max [|[P"*" — P/|| > ¢ then

| n<—n+1;
else
K* = K.n+l'
i i ’
break ;
8 Return K.

obtain the optimal control policies without using the knowledge of transition probability; but
it requires the augmented system dynamics (7;, Bj;). To obviate the requirement for system
dynamics, a fully model-free approach is proposed to address the OTC problem in next
subsection.

3.2. Model-free off-policy RL algorithm

Based on Algorithm 1, this section presents a novel model-free algorithm. In this algorithm,
we assume the optimal control policies cannot get access to the system dynamics and transition
probability. In this algorithm, we rewrite the system (6) as

Xir1 = (T; — BuK") Xy + By (ur + K'Xp). (28)
Based on (28), we have
X[ P - X < > ﬂijP;Jrl)XkH
=1
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m
:XkTPi"HXk — XkT (T; — BliKin)T ( Z 7Tijp;l+l> (T; - B]iK,-n)Xk
j=1
m
— (u + K'X0)" B, ( > n,-_,P;’*‘) (T; — Bk X

j=1
m

— (e + KinXk)TBlri< ”ijPJ]'HI)XkH- (29)
=1

Then, we derive the following Lyapunov equation by (15)

0= Qi+ (KN'RK =PI + (T = Buk])" ( > m,-P;’“) (T; — Bik]). (30)
j=1

Based on (30), Eq. (29) can be rewritten as

X PrX; — XkH(Zn,j )Xkl
j=l1

m
=XT 01X, + X (KN RK'X; — (u + K'X;)" BT, ( Z 7 jP;’“)
j=1

m
x (Ti = BukiD Xy — (e + KinXk)TBlTi< Z jTiJ‘PJT]H)Xk-H
=X QviXi + X[ (K))' RiK[' X, — (ui + K{'X,)" By,
m
x ( > n,-jP}”1> TX, + (e + K'X)" BT,
j=1

m
ijP;?“>BnK,-"Xk — (u + K'X)" B,

x Zm,P”“)TXk + (e + KX B,

m

(ot )BI,K"Xk— (g + K/XOTBY,

j=1
=X 01iXe + X! (K" RiK Xy — 2(ux + K['X)" B,
m

x Zm,P"“>TXk+ (e + KX B,

x (ZnuP” >Bliuk — (i + Ki”Xk)TBlTl(Zniij“>BliKi"Xk
Q

X ZﬂiijH>Bli(K,-"Xk — ) (3D

J=1
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Similar to (20), Eq. (31) can be represented as

m
] ® X eI — (X[, ® XL)V“(ZNUP,“I)
j=1

+ Z[XkT ® (ug + Ki"Xk)T:|vec|:BlTi( Znijpjfi+‘>Ti] - |:(Ki’7

j=1

X Xp — uk>T Q (KX + uk)T]vec[BlTi< Znijﬁ;’+l)B1i:|

j=1
=X 01:Xx + X (K" RK"X;.

(32)

Using LS method, P["Hand K;’H can be obtained simultaneously. The Bellman Eq. (32) has
2n? 4+ mn + m?* unknown parameters. Therefore, at least 2n* + mn + m? data sets are provided
before Eq. (32) can be solved by using LS method. For a certain positive integer /(I >

2n? + mn 4+ m?), we define the following equalities

X! 01X + X! (KT RK X,
XL, 01X + X (KDTRiK Xty

)
-3
[

XL 101iXeri—1 + X1 (KD RiK Xy

Amxx  Aoxxr Aoxe Ay
Aoxx Aoxxt Aoxu A

= ;
Apxx  Aoxxt DAoxu Do

where

Aaxx = Kliur X101,

Awxx = —X, X[ ),

A@yxu = 2|:XkT+a1 ® (K" Xyya1 + Mk+a1)Tj|,

Ay = _|:(I(inXk+a—l - uk+a—1)T by (Iank+a—1 + uk+a—l)T:|, a=(1,2,---,0).

Define the unknown matrices in equation(32) as
T
O=[vec®™)T  vec®ITHT  vec(0I™HT  vec(HT],
where

n+l _ pn+l
oy =F,

m
n+1 _ n+1
0y = § :”ijpj )
j=1

o =S )

j=1
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m
1
@ZJF = Ba(ZﬂijP;Hl)Bli.
j=1

Based on (32)-(35), one has
Jer =g, (36)

L

Considering the form of (36), we use LS method to solve it in Theorem 3.
Theorem 3. If there exists a positive Iy > 0, the following condition satisfies V1 > Iy:
rank(3]) = 2n* + nm + m>. 37

If 37 have column full rank, (36) can be directly presented as

o — [(j?)TJ?}“(J?)TEf. (38)

Proof. Assuming that (36) has two different solutions ®7, and ©), we have J70], = &
and J7©]. = E]. Subtracting two matrix equations, we have J/(0], — ©7,) = 0. Notice from
(37) that 37 has column full rank, 37(®], — ©},) = 0 has the unique solution O], — ©). =0
(or ®], = ®3.). However, this result contradicts our assumption. Therefore, (19) has the unique

solution by solving (38). This completes the proof. [
Using ©7, the gain K" can be obtained by:

KM = (R,- + 9;@“) “lop+t (39)

Theorem 4. Given the initial stabilizing values K, when the condition of Theorem 2 and
Theorem 3 hold, the solutions of (38) are equivalent to the optimal solutions of (8).

Proof. Set the initial stabilizing values Kl.o. According to Theorem 2, if there exists a positive-
definite solution P = (P/)" satisfying (8), K;' can be obtained by the policy iteration in
Algorithm 2. Then, (31) is deduced if the solution of (28) is solved by (15) and (16). Besides,
(31) accords with (38) based on Theorem 3. Thus, the solutions of Eq. (38) are equivalent to
the optimal solutions of (8). This completes the proof. [J

Remark 3. By Theorem 3 and Theorem 4, the proposed Algorithm 2 can iteratively
solve (38) without involving any knowledge of system dynamics and transition probabil-
ity. Algorithm 2 contains two steps. In the first step, in (38), the gains 91";rl through 9;’;’1 are
calculated by using the measured data E? and 37 (see equalities (33) and (34)). In the second
step, the control strategy is updated by using the gains learned in the first step. Moreover, this
algorithm allows us to conduct in-depth studies of other hybrid systems[38-41] or nonlinear
systems[42-45].

4. Numerical example

In this part, a simulation example is shown to verify the property and validity of the
proposed algorithm. Here, the Markov process {z(k), k > 0} used in the simulation consists
of two modes of MJSs. The dynamics of these systems are set as follows:
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Algorithm 2: Model-free off-policy algorithm for discrete-time MJLSs.

Input: Give the stabilizing control policies u? = —K?X; + é (é is the explosion signal
employed in [0, né]) and an arbitrarily small constant €.
Output: The optimal control policy K;*.
17 <«0;
2 while n > 0 do
3 | fori<«1to mdo
4 if n > n; then
5 | 6=0;
6 Solve for

0! = [ A E.
Calculate P/™" and update K"
Pt =g+

i [

+1 +1\ 1 n+1
K} :(R,-—i—@fi ) o5

if max |[P"*' — P/|| > € then
\ n<n+1;
else

K* = K"
1 1 ?
break ;

10 Return K*.

Mode 1:

4, — [ 1:00000 0.100007 0
1= 1-0.03270 0.80000 " °! ~ 10.03333 |

C; = [1.00000 1.00000],R; =1, Q; = L.

Mode 2:

4, — [ 1:00000 0.100007 , _ 0
271 -0.07358 0.85000 | °% ~ |0.02500 |’

C, = [1.00000  1.00000],R, = 1,0, = 1.

Regarding the reference signal ryy; = Fry, we set F = 0.94. The initial states of the aug-

mented system are given as X' =X =[I —1 1]" and the transition probability matrix
is:

03 0.7
= [0.7 0.3]'
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mode =1 mode = 2
== P(1, 1) == P(1,1)
== P(1,2) == P(1,2)
06 T == P(1,3) == P(1,3)
== P(2,2) - P(2,2)
\ 9= P(2, 3) 14 %= P(2,3)
P(3,3) == P(3, 3)
0.4 1
0.2 0
0.0 A —1
—0.2 A
_2 -
—0.4 A
_3 -
—0.6
0 1 2 3 4 5 0 1 2 3 4 5
Iteration Iteration

Fig. 1. The optimal values of P.

of f

7 and the convergence.

Firstly, the online learning Algorithm 1 is implemented to solve the ACGARE, and the
simulation results show that the values of P; finally converge to

[ 0.45593156 0.56378728
P = 0.56378728 0.66240760
| —0.50928221 —0.61362200
[ 0.47604179 0.55489969
P, = 0.55489969 0.63010383
| —0.51905281  —0.596389385

and the control gains K; converge to

—0.01219772
—0.00948805

K, = [-0.01584223
K, = [-0.01145101

—0.509282217
—0.61362200 |,
0.56145152 |

—0.51905281 ]|
—0.59638985 |,
0.56150113 |

0.01399581],
0.01036660].

Secondly, the model-free off-policy RL Algorithm 2 is implemented to solve the AC-
GARE. Select u) = —KX; + ¢ and set é = 0.167%%" sin(30¢) + 0.1sin(10¢). The values of

P[”f /" matrices converge to
[ 0.45591266 0.56391543
P = 056391543 0.66256976
| —0.50927506  —0.61372715
[ 0.47602836 0.55496709
onff = [ 0.55496709 0.63020357
| —0.51904733  —0.59644908
and the control gains Ki”f f converge to

—0.50927506 |
—0.61372715 |,

—0.51904733]
—0.59644908 |,

0.56145159 |

0.56150115 |
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Fig. 2. The optimal values of Kiof / and the convergence.
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Fig. 3. The system states and the jumping modes.
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Fig. 4. The output tracks reference trajectories and the tracking errors.

K"/ =[-0.01583684 —0.01219152 0.01399142],
K7 =[~0.01144900 —0.00948534  0.01036485].

Algorithm 1 is implemented to solve the ACGARE, which requires the knowledge of the
system dynamics (7;, Bj;), whereas Algorithm 2 also achieves almost the same solution of
the ACGARE with completely unknown dynamics and transition probability. It seems that
Algorithm 2 is more efficient than Algorithm 1 at the same number of iteration steps. As
in Algorithm 2, Fig. 1 shows that the parameters of Pi"f f converge to the stable value after
two iterations. Fig. 2 shows that the control gain K; converge to the stable value after two
iterations. Fig. 3 shows the system states and the jumping modes, where all states are shown to
be stabilized and converged to zero by the designed controller. In Fig. 4, the output tracks the
reference signal and the tracking error tends to zero. Especially at 0.3s, the output gradually
tracks the reference trajectory; when the number of iteration steps increases, the two curves
converge to a stable value.

5. Conclusion

In this study, a fully model-free off-policy RL algorithm has been proposed to address the
OTC problem for discrete-time MJLSs. By constructing the augmented system, we design the
off-policy RL algorithm to solve the ACGARE. The advantage is that we do not need any

2375



Z. Huang, Y. Tu, H. Fang et al. Journal of the Franklin Institute 360 (2023) 2361-2378

knowledge of system dynamics and transition probability. The simulation results verify the
convergence of the proposed algorithm, which show that the given reference signal has been
well-tracked by the optimal controller iteratively derived from the proposed algorithm.
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